T'nasa VIII. Ilonsa.
§ 1. OGmue cBegeHNs O PaCIIMPEHUAX IIOJIel

ITpu paccMoTpeHUN OYEpEIHOM AIredPANIECcKOil CTPYKTYPhI, KaK OOBIYHO, HAYHEM C YTOYHEHUs OIMpPEIe/IeHUsT
n3omopdusma: m3omopdusm xosern ¢ : K1 — Ko HazbBaeTcs usomopgpusmom noaeti, ecim Ky n Ko — mons. Jlerko
nonsith (yoemurecs B srom!), uto ecom ¢ — msomopdmsm noueit, o p(1) = 1 u p(at) = ()" npum mobom
menyneBoMm « € K. Ecim nna neyx momneit Ky u K, kakoi-uubyzas uzomopdusm ¢ : Ky — K5 cymecrByer, TO 3T
JIBa TIOJI MBI, pa3yMeercs, OyeM Ha3bBaTh n30MopdHbIME. OTMeruM momyTHO,49T0 ecau K1 — mose, a Ky — KoabIo
u p: K; - Ky — koubuesoii uzomopdusm, ro Ky — ToxKe node, a ¢ uzomopdusm noseit (obbsicuure, nodemy).

OcCHOBHBIM 00BEKTOM M3yUeHUs B 3TOM maparpade Oyaer mapa, COCTOAIIAsA U3 HEKOTOPOro mojist K u ero moamoss
k; 1acto B Takoil cuTyanuu Mbl OyJIeM TOBOPUTH Tak¥Ke, 9T0 K sBjsercd pacwupenuem moss k. Pacmmpenunem Mbr
Oy/ieM Tak»Ke Ha3bIBaTh CaMy I1apy, COCTOLIIYIO M3 MOJsi U ero HoAnoJis, 3anucbiBasd ee B Buae K /k. Ilose L nazosem
npomescymounvim nosem pacuwupenus K/k, eciu L onHOBpeMeHHO siBiisiercs paciiuperueM k u noanosem K.

Ecnu y mannoro mons K Her moamosieil, OTIUYHBIX OT HEro CaMoro, To Takoe moje K Ha3bIBaeTcs npocmoim.
Omnuriiem Bce MPOCTHIE MOJISA ¢ TOYHOCTHIO 10 U30MOP(MHOCTH:

Ilpenmoxenune. ITycmoe K — npocmoe noae.
1) Ecau zapaxmepucmura K pasna nyato, mo K uzomopdro noao payuonasvhor wucea Q.
2) Ecau char(K) = p # 0 (p — npocmoe wucao), mo K usomopgro noaro Z/(p) eéviuemos no modyaio p.

Proof. 1) Ipu char(K) = 0 paccmorpum orobpazxenue ¢ : Q — K, nonoxus p(2) = (mlg)(nlg) " upu mobex
n € N u m € Z (ormerum, 4ro sjeMedT nlyg OTaMYeH OT HyJIEBOrO M3-3a yCJIOBUS HA XapaKTepucTuky). Jlerko
HOHATD, YTO Hallle OTOOparkKeHne ¢ ONpee/leH0 KOPPeKTHO: eciu 7t = ’7’;—11 B Q T0 mn; = nmy B Z u noromy
(mn1)1g = (nm4)1 k. Herpyaao nposeputs (mposepbre!), 9T0 0 ABIsIETCS MOHOMOP(MU3MOM aIMTUBHBIX MPYIIIT
u p(af) = p(a)p(B) npu modbx a,f € Q. Obosnauum dyepe3 K ob6pa3 Q npu orobparkenun . Torma, Kak
MOKAa3bIBAET HECJIOXKHAs BhIKIaaAKa (mposequre ee!l), K asaserca nognosem most K, uzomopdusim Q. Ocraercsa

3aMEeTHTDb, 9TO n3-3a npocrorel K nvmeem K = K.

2) IIpu char(K) = p # 0 paccmorpum orobpazkenue ¢ : Z/(p) = K, nonoxus ¢(m) = mlg Ijsi MIPOU3BOIBEHOTO
Hesioro m. Yo6eauMcs B KOpPEKTHOCTH OIMPEIETeHI TAKOTO OTOOPAXKEHU: eC/IH IeJbIe YUCIa M | N IPUHAIIEKAT
OJHOMY KJjiaccy BblueroB (m = 7i B nose Z /(p)), To m = n + pq upu HEKOTOPOM LEJIOM ¢ ¥ IOTOMY CIPABEIJIUBO
pasenctBo mlxy = nlg + ¢(plx) = nlk. Janee, Kak U B TPEILIAYIIEM TYHKTE I0KA3ATEILCTBA, JIETKO

TTPOBEPSIETCST, YTO OTOOPAYKEHIE Y — U30MOP@U3M ITOJIsT BRIYETOB HA MO0 10551 K| M3-3a TTPOCTOTHI COBMAIAIONIEe

c K.
O

Paznuunbix moamosteit y janaoro noJisi K MoxeT ObITh MHOTO. JIErko MOHSITh, YTO MepecevueHune JTI000r0 HEemyCToro
MHOKECTBA, TIOJINOJIeH caMo SBJISETCA MOAIOJEM JAHHOrO moJisg. HeTpymaHo 3aMeTHTH TakiKe, UYTO TMepecedeHne Beex
noamnoseil K gpjisercs mpocTbiM mojeM (ero Ha3bIBAIOT NPOCMbLM NOONOAEM JAHHOIO 1oJs). TONbKO YTO JO0KA3aHHOE

MIPEJIOKEHNE MMO3BOJIAET CIUTATh, YTO MPOCTOE IMOAIMOJE MPOU3BOIBHOIO MOJS — ITO JHOO TOJI€ PAMUOHATHHBIX
quces, 100 MoJie BHIYETOB IO TTPOCTOMY MOZLYJIIO.
Ilycrs K/k — pacmmpenne u M — wenmycroe mogMHoxecTso nosst K. Ilepecedenne Bcex MPOMEXKYTOTHBIX

noJieil pacCcMaTpUBAEMOrO DPACIIUPEHUsI, COAEPIKAIMX MOAMHOKeCTBO M, mpuuaTro obosuadars k(M) u Ha3bIBATH
pacwupenuem noas k, noayuaowumca npucoedunenuem ¥ k assemenmos mmooicecmea M (nis komeanoro M =
{61,...,6,} bl Gynem obo3navars Takoe nosie k(61 . ..,60,)). Eciu maoxkectBo M cOCTOMT BCEro U3 OJHOrO 3JIEMEHTa,
0, o mose k(M) = k(6) nazbiBator npocmuim pacwupenuem k, a sjeMenT § HAZBIBAIOT NOPOHCOQIOULUM IAEMEHTNOM
TAKOTO PACITAPEHWS.

HpnMepr. 1) Iloae KOMNAEKCHBLT WUCeN ABAACNCA npocmuvim pacuwupeHUEM NOAA BEUWLECTMBEHHDIT YUCENS

C = R(i).

2) Jhoboe noae k asasemes npocmowm pacuwupenuem cebs camozo: k(0) = k npu npoussosvrom 6 € k.



Buosb dukcupyem pacimmpenune K/k. Dnemenr 6 € K wnasviBaior aszebpauueckum nad k, eciu f(0) = 0 s
HEKOTOPOI'0 HeHyJieBoro mMuorodwiena f u3 k[z]; B nporuBHOM ciydae (eC/Jd TaKOro HEHYJIEBOrO MHOIOYJIEHA HET)
smeMeHT 6 HA3BIBAIOT mpancyendenmmuoim HAM k. Ecam kaxapiii snement K anrebpawven nan k, To K Ha3BIBAIOT
anzebpauneckum pacuuperuem k.

IIpumep. ITonre KOMNACKCHBLT YUCEN ACAALMCA ANA2EOPAULECKUM PACULUPEHUEM NOAL 6EULLCTNEEHHHLT wuces. f = x—0
npuf ER u f = (z—0)(z—0) npu b ¢ R. Odnaxo nose C xax pacwupenue Q nHeaszebpauuno: wucao ™ He AGAAEMCH
KOPHEM HUKAKO20 HEHYALB020 MHOZOMALHA C PAUUOHAALHILMYU KOIPHUUUEHMAMU.

Hua pacuiupenus K[k kaxaomy § € K conocraBuM MHOXKECTBO 2y BCEX MHOrOUIEHOB U3 K[|, UMEIONIMX JaHHBIH
ssiemedT 6 KopHeM (IIPOU3BOJIbHBIN MHOrOWIeH f u3 2y NPUHATO HA3BIBATH AHHYAAMOPOM dieMenTa O uax nouem k).
Henocpencreennas npoBepka moka3blBaeT, 9ro i Kaxaoro € K muoxkecrso Ay — uzpean xonbua klz] (ybemurecnh
B srom!). TpancueHgeHTHOCTH § 9KBUBaJIEHTHA, oueBnHO, paseHcTBY 2y = {0}. Ecan ke 6 amrebpanden Han k, TO
Ay # 0 v U3-3a EBKINIOBOCTH KOJIbIA K[| OJHO3HAYHO OMpe/esieH YHUTAIBHBIN MHOTOWIEH g € k[z], MOopoXK matonmit
yKazauublii uaeas: Ap = (g); 70T MHOMOYIJIEH ¢ aJiee MbI Oy1eM HA3bIBATD MUHUMAABHUM GHHYAAMOPOM IIIEMEHTA 6.
W3 onpenenedus MOHSITHO, 9YTO MAHAMAJLHBIA AaHHY/ISTOP § — 9TO ero HeHyJIeBO aHHYJ/IITOP HauMEeHbIIel CTelleHH, a
IPOM3BOJIBHBI MHOrOWIEH u3 k[x] aBisiercs aHHyJIaTOPOM f TOTIa U TOJIBKO TOrIa, KOLAA OH JEeJUTCs Ha MUHUMAJIbHBII
anuyssitop 6. Eie ogH0 ¢BONCTBO MUHUMAIBLHOTO aHHYJIATOpPA CPOPMYNUPYEM B BUIE OTAEIHLHOTO YTBEPIKICHUS.

IIpennoxenne. Ecau K/k — pacwupenue uf € K anszebpauuen nad k, mo mMunumasvrol annyaamop 6 nenpusodum
6 k[x].

Proof. TIpeamosoKuM, 9T0 MUHAMAJIBHBIN aHHYJIATOP ¢ HATIEro § TpeCTaBUM B BUIE MPOU3BEIEHHS JBYX MHOTOWICHOR
u3 klz] : ¢ = g1g2. U3 paBencrea 0 = g(0) = g1(0)g2(0) caenyer, aTo X0oTs1 GBI OANH U3 IABYX COMHOXKHTENEH g1 (f)
umu g2(0) pasen 0, a 370 0O3HAYAET, YTO XOTsI ObI OIMH W3 MHOTOYJIEHOB ) WU ¢y — Takxke aHHYyIsaTop #. Ocramoch
CPABHUTB CTEIIEHU PACCMATPUBAECMbIX MHOIOYICHOB. O

Eciu K — pacmupenue noss k, T0, Kak y»Ke roBopmyioch B riiaBe IV, na K ecrecTBeHHBIM 00pa30M OIpeiesieHa
CTPYKTYPa JUHEHHOIO TPOCTPAHCTBA HAJL k; €CITH 3TO TPOCTPAHCTBO KOHEIHOMEPHO, TO ToJe K HA3bIBAETCS KOHEUHbLM
pacwupenuem k, a pazmMepHocTh K Kak MPOCTPAHCTBA HAJ k HA3bIBAGTCS CMENEHbI0 PACCMATNPUBLEMOZ0 PACULUPEHUSA
u obosuauaerca (K : k). Ijs noseit cBOHXCTBO ”6ObITH KOHEUHBIM PACHIUPEHUEM” TPAH3UTUBHO, TOUHEE:

Teopema (0 mociaeqoBaTebHBIX KOHEYHBIX paciiupenusx). Ecau K/k u F/K — xoneunvie pacwuperus, mo
F/k — xoneuwnoe pacwupenue, npuvwem (F : k) =(F : K)- (K : k).

Proof. Mlycrs (v, ..., a,) — 6a3uc nosisa K kax npocrpaucrsa vag k u (S, . .., Bm) — 6a3uc mojga F Kak mpocTpaHCcTBa
man K. JlocrarodHo 1MOKa3aTh, 9TO CEMEHCTBO MPOU3BEICHMI

(@ifj)i<i<ni<j<m
cayxRuT 6a3ucoMm F' Kak MpOCTPAHCTBA HAM, k.

m

JIoboit ssrement n € F npeacraBum B BUe 1) = Z v;B; upu Hekoropoix y; € K. [lanee 3aMeTuM, 4TO KazKIblil
n =t

7y; MOKHO 3AQIHCATh B BHOE 7y; = Y. 0;;; HOPU KAKUX-TO 0;; € k. IIosTOMY MBI MMeEM PAaBEHCTBO I = . 0;;q;3;,
i=1

a 9TO 3HAYUT, YTO HAIIE CEMEHCTBO MPOU3BEIEHUI CIYXKUT CHCTEMOM 00pas3yrommx mojisi F' Kak MpOCTPHACTBA HAI

nosnem k. B Tom ke myxe mposepsiercs (nmposepbre!) suHeiiHas HE3aBUCHMOCTb Haj k PacCMaTPUBAEMOrO CEeMefiCcTBa

MIPOM3BEICHMIA. O

Sameuanne. Ecau K — npomesicymounoe nose koneunozo pacwupenus F/k, mo pacwupenus K/k v F/K —
maxoice Koneunvie (008ACHUME, NOYEMY).

Crenyroriee yTBep:KIeHIE MBI OyIeM B JAJIbHEHIIIEM 9aCTO UCIOIH30BATh TPU PACCMOTPEHUN KOHEYHBIX PACITHPEHUIA:

Teopema (06 asredbpamdHocTu KoHedHoro pacumpenus). Fcau K/k — xoneunoe pacwupenue, mo K[k — anrzebpauuect
pacwupenue. [lpu amom cmenens MUHUMAALHOZ0 GHHYAAMOPA Kaocdoz2o saemenma 8 € K ne npesocrodum cmenenu
PACCMAMPUBLEMOZ0 POGCULUPEHUSA.



Proof. Ecmu (K : k) = n, To nia xaxnoro § € K cemeiictso ero cremeneit (1,60,60%,...,0™) nuHeitno 3aBucuMO B
npocrpancrse K. Dto o3nadaer, 4To Jisi HEKOTOPOIO HETPUBUAILHOrO cemeiictBa (o, . .., ;) B kK UMEEM PaBEHCTBO
ap + a0 + - -+ apd™ = 0. Tlosromy npuHaIEXKANMH KONbIY k[z] MHOTOWIEH f = ag + aq @ + + -+ + apz™ sBIIsIeTCst
HEHyJIeBBIM aHHYJIATOPOM 6, OTKyza cremyer aarebpandnocts 6. JIna moKa3aTenbcTBa, BTOPO 9acTh yTBEPKICHUS
JIOCTATOYHO BCIIOMHUTH, 9TO KAasKABIi AHHYJIATOP JEJUTCS Ha MUHUMAIBHBIN. O

Crenyrorast TeopemMa MOCBSIIEeHa TPOCTHIM PACITUPEHUSIM TIOJIsT, TTOIY AIOIUMCS TPUCOSTUHEHUEM aIre0pandecKoro
9JIEMEHTA.

Teopema (o cTpoennu nmpoctoro ajiredpamdeckoro pacmmupenmnsi). ITycms K — xaxoe-nubyds pacuupenue noas

k, 8 € K — anzebpauneckuds nad k saemenm, g — munumarousd anuyssmop 6 u deg g = n. Tozda
1) noae k(0) usomopdro noaro k[x)/{(g);
2) noae k() — woneunoe pacwupenue noas k, npuuem (k(6) : k) =n, a (1,0,60%,...,0" 1) — 6asuc k(0) nad k;

3) 0as wascdozo o € k(6) noae k(o) asasemes xoneurnnm pacwupenuem noss k, a wucao (k(a) : k) asasemea
deaumenem wUCAG N.

Proof. 1) Paccmorpum orobpazkenue
v klz] = K,

nonoxus @(f) = f(0) mpu f € k[z]. Jlerko nposepuTh(mpoBepbTe!), 9T0 (0 — roMoMopdU3M aIAUTHBHBIX TPYIIIT
kouern, npudem Ker ¢ = y. Ilonoxkum L = Im . Kak ycranoBsieHo B mporecce 10Ka3aTeIbCTBA MEPBO TEOPEMbI
o romomopdusme, orobpaxenue @ : k[z]/ Ker ¢ — L, onpenensiemoe pasencrsom @( f +Ker ) = ¢(f), apiasgercs
uzoMopdu3MoM agauTuBHbIX rpymni. U3 onpenesenus ymuoxenus B dpakroprosble k[x]/ Ker ¢ caenyer, aro

@((f + Keryp) - (h + Kerp)) = (fh + Kerp) = (fh)(0) = f(O)h(0) = ¢(F)@(h),

nosromy L — noznkonbio K, nzomopdnoe k[z]/ Ker ¢. Bcmomanm Teneps, uro nieasn Ker ¢ moposkIeH HEMPUBOANMBIM

MHOTOUJIEHOM ¢, a 3TO, KakK mokaszano B § 1 rmamsr II, o3mauaer, uro dakropkrombio klz]/ Kerp spasercs
nosem; 3uaunt L — roxe nose, u ono uzomopduo k[x]/ Ker ¢. Hdanee, serko nousith, uro k — mommose L,
npudeMm Hain ssiemedT  npunamiexur L (o6bscuure, nodemy). Cremosarensuo, k(6) C L. Ilycrs Teneps F
— mpomexkyTouHoe mosie paciumpenns K/k n § € F. Ius moboro 3 € L nmeem S = f(6) npun HEeKoTOpOM
f=ay+a1xz+ - + apz™ € klz], a moromy B npencrapiernu § = ap + @16 + -+ + @, 0™ Bce ciaraembie
MpaBoil YacTh MpUHAMJIEKAT MO0 F; Takum obpa3oM, [ comep:KUTcs Moo F, 9To JoKa3hiBaeT BKIIOYEHUE
L C k(f). Tem cambim Mbl ycranosuiu pasenctBo L = k(6), 3aBepiuius 10Ka3areiabCTBO NEPBO 4acTh Halleil
TEOPEMBI.

2) Ecim mpt umeem Bo+B10+. . .4 B,_10" " = 0 ana nekoropwix (3; € k, To Muorounen f = fo+f12+. . .+Bp_ 1271
— amnynaTop snementa 6. Iockonbky deg f < n u f JenmuTcs Ha MUHUMAJBHBIA aHHYJIATOP ¢, WMEFOMIMI
cTerenh n, TO f — Hy7deBoit MHorowaen, a cemeiictso (1,6,6%,...,0""1) mumeitno meszasmenvo. C apyroit
CTOPOHBI, B TIPEJBIAYINEM IyHKTE MbI JIOKA3aJ1, 9TO MpOu3BOJIbHbI o € k(6) npeacrasum B Buze o = f(6) ms
Hekoroporo Muorowiena f u3 k[z]. [lpuvensia mesenue ¢ ocrarkom, Haiigem B k[r] rakue MHOrOYJIEHBI ¢ U T,
yro f =gq+rur =Bo+ Bz + ...+ Bn_1z™ ' npu HekoropsIxX B; € k. SICHO, 4TO TOr/IA MBI HMEEM PABEHCTBO
a=r(0) =P+ B10+...+ B, 10" . Crenosarenbro, namre cemeiicrso — 6aszuc k(0) wan k u (k(0) : k) = n.

3) Ecmm a € k(6), To k(o) — npomeskyrogroe nose pacumpennsd k(0)/k, orkyaa crenyer, uro pacumpenue k(a)/k
koneuHo u (k(0) : k) = (k(0) : k(a)) - (k(a) : k).
(|

o cux mop, TOBOpsT O MPUCOEINHEHNH 3JIEMEHTA, K TIOJTIO K, MBI TIPEJITOJIAraN, UTO STOT JIEMEHT U k COIepIKaTCs B
HeKOTOpOM " bosbiiom” mojte K. Vlcrob3yst umero u3 mepBoi 9acTu TOJIBKO 9TO TOKA3AHHONH TEOPEMbI, MOYKHO CTPOUTH
MIPOCTBIE aNredbpandecKne pacIImpeHus HoId k, He UMesi TAKOrO ~ 00 beMTIOIero” mois.

Teopema (Kponekep). iz npouseosvhozo noas k u 4106020 nenpueodumozo muozousena f ud k[z] cywecmsyem
npocmoe anzebpaudeckoe pacuuperue noas k, o0pa3yowuM INEMEHMOM KOMOPO20 ABAAEMCA HEKOMOPHLT KOPEHb
MHoz0uNeHa |



Proof. Hame paccyKaeHue [MOYTH JOCJIOBHO IIOBTOPSIET apryMeHThI, HCIIOIb30BaHHbie B riase 111 nius onpenenenns
NOJIsT KOMIJIEKCHBIX 9HCET, TTO9TOMY MBI He OyJeM BIABATHCS B MOAPOOHBIE MOSCHEHUs (pa3sbepuTech B IETATSIX
caMoCTOsITeNhHO!).

N3 nmenpuBogumocrn f caenyer, uro dakroproabio klx]/(f) sBaserca nomem; obo3nadynm sT0 ToNEe wepe3 L.
Paccmorpum orobpaskenne j : k[z] — L, mpr KOTOPOM MPON3BOIHLHOMY MHOTOUIIEHY A B (haKTOPKOJIBIIE COTOCTABIISIETCST
kiacc j(h) = h + (f). Iockonbky j cornacoBano ¢ ajarebpanyecKMMU OIEPALUTMU B OOOMX KOJIbLAX, a Pa3HbIe
3JIEMEHTBI HCXOJHOIO II0JIs KMEIOT Pa3Hble 00pa3bl, MOYKHO OTOXKICCTBATH KAXKIBIA 3/IeMEHT « 1ojid k ¢ ero o6pa3om
j(a) B L u cuurars k mognosem nosst L. JTaibine 0CTaeTcs 3aMeTUTh, 9TO ecyu § onpenenuts kak 0 = j(z) (oOpas
MHOTOUJIeHA TIEPBO# cTerneHn), To okaxercs, uro f(6) =0 un L = k(6). O

Ipumep. ITycmv k = 7Z/(2) — noae evuemos no modyamo 2. Muozousen f = 2> + x + 1, oueeudno, nenpusodum
6 Koavue k[z]. B amot cumyayuu noae L = k[z]/(f) — npocmoe aszebpauueckoe pacwupenue cmenenu 2 noas k u
0 =z + (f) — nopooicdarowui saemenm smozo pacwupenus. Ilapa (1,0) asasemes 6asucom L nad k, a camo nose
L cocmoum us 4 saemenmos: L = {0,1,0,0 + 1}. Bunuwem mabauyv arzebpauveckur onepayui 6 nose L :

+ 0 1 0 0+1 X 0 1 0+1
0 0 1 0 0+1 0 0 0 0

1 1 0 0+1 0 1 0 1 0 6+1
0 0 0+1 0 1 0 0 6 0+1 1
0+1] 6+1 0 1 0 6+10]|0+1 1 0

B paznmunbix pacmupenusx K; u Ko mons k ogud u TOT XKe HempuBoauMblii Muorowien f € k[x] moxer
UMETh PA3Hble KOPHU, OJTHAKO MPOCTHIE PACIIUPEHMUSI, TOJIY YAI0IHECs TPUCOSIUNHEHUEM K MO0 k PA3THIHBIX KOPHE
MHOTOYJIEHA f, OKA3bIBAIOTCS C AJIreDPANIECKOil TOUKY 3PEHUsS ONHAKOBBIMMU:

IIpennoxxenne. [Tycmo k — noae, f — nenpusodumui muozowaen us k[z]. Ecau k(01) u k(f2) — déa npocmux
pacwupenua k, noposcdarouue sremenmo, 61 u Oz KOMOPHT AGAAIOMCA KOPHAMU MHOZOUAEHA [, TO CYULCTNEYEM
uzomopdusm noaeti @ : k(01) — k(62), das womopozo p(61) = 0> u p(a) = a npu écex a us noas k.

Proof. Ecmu f — MHOTOUJIEH CTETeHw 1, TO TIo TeopeMe O CTPOeHNH MPOCToTo anrebpandeckoro pacmupernns (1,601,607, ... 6?‘1)
— basuc k(f,), a (1,602,603, .. ,93‘1) — 6azuc k(6s). lonoxus ¢(ag + a1 +--- + an,lﬁ?_l) =g+ a0y +---+
n 105" npu m06wIxX o € k, momydaem orobpaxenne ¢ : k(f;) — k(62), Koropoe sBisercs mzomopduzMoM mosteit
U yJOBJETBOPSIET YCIOBUAM HAIIErO MPEToKeHns (O0bACHATE, TIOUeMy ). O

Mgl mokasanau BBIIIE, 9TO 000 HENPUBOIUMBIA HAJ, JAHHBIM IIOJEM MHOTOYJIEH CTAHOBUTCH IIPUBOAVMBIM B
HEKOTOPOM ” OCTATOYHO MAJIOM’ PACITUPEHUHA 3TOTO TOJsI, TO €CTh B PACITUPEHNN, KOTOPOE TTOPOKIACTCS OIHUM W3
KOpHEH B3ATOro MHOrOuWIeHa. Hala cremyomas 1neib — ODOBIIUTE 3TOT pe3yIbTar.

IMycts k — mojie u f — MHOTOYJIEH TOJIOXKUTEILHOM CTeneHu Hal 3TuM nojieM. Pacrmmpenune K mosst k HazoBeM
NOAEM PA3A0ICEHUSL MHOTOUIEHA f, €CIIM STOT MHOTOYJIEH PACKJIAIbIBAETCS HA JIMHEHHbIe MHOXKUTE N B Kosiblie K [x]
n none K momydaercd npucoemguHeHHeM K k BCeX KOpHEH MHOroOWwIeHa f.

IIpumepst. 1) IIpousgoavhoe nose k ABAAEMCA NOAEM PA3AONHCEHUS A100020 AUHETHO20 MHO2OYAEHG U3 K[T].

2) JTaa k = R noae C asasemes nosem pasrodicenus u mruozousena t2 + 1, u 1106020 6eulecmeennozo MHo20MAeNna,
umernuezo Toms 0v. 00uH MHUMBLE Kopens (00Bachume, novemy).

8) Had nosem Q mmozouren x* — 2 nenpusodum 6 cury wpumepus diserwmetina. Beuwecmeennoe noae Q(v/2)
HE ABAAEMNCA ONA IMO20 MHOZOUALHA NOAEM PA3AONHCEHUA: 6 MAKOM NOAE KAHOHUYECKOE DA3AOHCEHUE HAULE20
muozounena — smo (x—v/2) (z+v2) (2% +v2). B kavecmee noss pazroscenus t* —2 MoHcHO 834Mb KOMNAEKCHOE
noae Q(v/2,4) (nonpobyiime >mo o6sacHumy).

IIpenoxkenne. Jan 2106020 noas k u 4106020 mHoz0waena nosodscumensvhol cmenenwy u3d k[x] noae pasaoscenus
cywecmayem.

Proof. TIpoeenem unmykimio no crenenu muorowiena f. [lpu deg f = 1 Haire yreepxkaenue TpuBuaibio. [Ipeamomoxmm
nganee, yro deg f = n > 1 u mose pa3noKeHus CYMECTBYET JJisi TI0O0r0 MHOTOWIEHA, CTEMEHb KOTOPOTrO MEHBIIE 1.



BosbMmem Kakoil-Huby1b HEIPUBOAUMBII nesuTesib g MHorowiena f B k[z] u, Bocnosb3oBasiiuch Teopemoii Kponekepa,
nocrpoum npocroe paciiupenne K1 = k() nons k, B koropom g(a) = 0 = f(a). B konbue K[z] mHOrowien f MoxHO
npencraBuTh B Buge f = (z — a)fi. dcro, uro deg fi < n, MOITOMY B CHIIy WHAYKIMOHHOTO TPEAMOTIOKEHWs JIJIst
fi cymecrByer mosne pasioxenusi Ky — 370 HeKOTOpoe KoHewHoe pactmipenne K. IToHsTHO, uTo B Kosble Ko|z]
MHOTOYJICH [ PACKJIAIBIBAETCA HA JIMHEHble MHOXKATE . Eciu aq,. .. ,a, — Bee (pa3nuunbie) Kopau f B Ko, TO
HOPOXK/IEHHOE MU [POMexKyTouHoe nose k(aq,. .. ,Q,) paciuupenus Ko /k ssiagerca nosem passoxkenus f. O

Bameuanus. 1) Pasnve pacwupernus K1 u Ko noas k mozym oxazamves nosamu pasiocenus 001020 4 mozo dice
muozounena u3 kz]. C anrzebpauneckol mowky 3penus, 00HAKO, MU NOAL MOHCHO HE PASAUNAMD: CYULLCTNEYEM
maxot usomopdpusm noaeti ¢ : K1 — Ko, umo o(a) = a das ecex a us noas k. Jokasweams cyuecmeosanue
UBOMOPPUBMG C YKA3AHHOIM CEOTUCTMEOM MbL He 6ydem.

2) Mootcho onpedesumsd NOHAMUE NOAA PASAOHCEHUA ONA HECKOABKUL MHOZOYAEHOE NOAOHCUMENLHBIT CTneneHel
us k[x] — 6 amom noae 6ce marue MHO2OUAEHbL OOAHCHDL PACKAGIBIBANGCA HA AUHETHOIE MHONCUMEAU,
CAMO NOAE QONHCHO NOPOHCIAGMBCA BCEMU UL KOPHAMU; NE2KO NOHAMb, YIMO MAKOE NOAE COBNAJGEM € NOAEM
DABNONHCEHUA NPOUZBEIEHUA BCET PACCMAMPUBLEMBLT MHOZOUAEHOE U NOMOMY OHO CYULLCNEYEM 8 CUAY MOALKO
wmMo Q0KA3AHHOT MeoPeMbl. AHANOZUUHBLM 00PAZOM MOHCHO ONPEIEAAMD U NOAE PASNONHCERUA OAA DECKOHEUHO20
MHOJCECTNBa MHO2OUAeH06 u3 k[T] (Jokasweamsb cywecmeosanue makozo noas mo. He bydem). B wacmmuocmu,
MOJHCHO 2060PUND O NOAE PAAOHCEHUA 6CET MHOZOUALHOE NOAONHCUMEALHUT cmenenel Koavya k[x] — smo
noAe NPUNAMO HA3BLEAMD ATTeOPAMICCKIM 3aMBIKAHIEM Mol k u 0603navams k. 3ameuwamenrvroe ceolicmeo
a12e6PaAUNECK020 3AMBIKAHUAL COCTIOUM 6 TOM, YMO 6 KoAbue k[T] Ha AuHetnbe MHONCUMENU PASLONCUMDL HE
MOABKO 6CE MHOZOUAEHDL NOAOHCUMEALHBT cmenenel us k[T], no u 6éce mmozourenv. us k[z]; 2060pa dpyzumu
CAOBAMU, (AZEOPAUECKOE 3AMBIKAHUE NPOU3BONLHO20 NOAL — 6Ce20a aA2ebPauUecky 3amrnymoe nose. iz
noas R anzebpauueckum samvikarnuem cayscum noae C, xomopoe asasemcsa roneunvim pacwupenuem R. B
boavwuHCcmEe IPY2ULT CAYHAEE AAZEOPAUHECKOE 3AMBIKGHUE HE ABAAENCA KOHEUWHUM DACUUPEHUEM OCHOBHOZ0
NOAA — MAKOBHL, HANPUMED, AA2EOPAUUECKUE ZAMBIKAHUSL NOAA DAUUOHAALHOLE YUCEA U NOAL GHUEMOE NO
npocmomy modyaio.

§ 2. OcHoBHBIe CBOlCTBa KOHEYHBIX II0JIE

IlepBsiit Bompoc, KOTOPBIE MBI PACCMOTPUM B 3TOM maparpade — 3TO BOIPOC O TOM, KAKAM MOXKET ObITb YHCJIO
3JIEMEHTOB KOHEYHOI'O I0JId.

C mpumepaMu KOHEYHBIX TOJIeil MBI BITIEPBBIE BCTPETUINCH B § 2 rymaBwl I, KOrma paccMarpuBav MOJIs BHIYETOB
O TIPOCTOMY MOZYJI0. 110 MOHATHBIM MpudrHAM (YyTOYHUTE!) XApPAKTEPUCTHKA MPOU3BOJIHHONO KOHEIHOrO MOJIs HE
MOZKET OBITH HYJIEBOIA, & 9TO B CUJIY 3aMEUYaHUsl K [TPEIIOKEHUIO U3 NepBoro naparpada 3Toit (BOCbMOit) TIaBbl 3HAUUT,
YTO MIPOCTOE IIOJIII0JIe KOHEYHOI'O IOJId MOYKHO CYUTATH COBIIQIAIONIUM C IIOJEM BBIYETOB 110 HEKOTOPOMY IIPOCTOMY
MOayai0. J[OBOIBHO TOHSITHO, 9TO YHCJO JJEMEHTOB OOJIBIIEro MOJis KAK-TO CBA3aHO C TAKUM MPOCTBIM MOJIYJIEM.
OTy CBsI3b MBI YTOUYHUM, JOKA3aB MEPBOE yTBEPKIEHME ITOro maparpada.

IIpensoxkenne. Fcau K — xoneunoe noae u k — nexomopoe e2o nodnose, cocmosuee u3 q aremenmos, mo K/k

— xonewnoe pacwupenue u |K| = q™, ede m = (K : k).

Proof. Koneunocrs paciupennst K /k copepmienno ouepnana. Ecmu (61,. .. ,60,,) — 6a3uc K Kak MPOCTPAHCTBA HAJ
m

k, To Kaxaplii mement [ u3 mons K omHo3HAYHO TpeacraBuMm B Buue [ = Y. a;f; npu HEKOTOPBIX ; € k. s
i=1

JI0KA3aTeIbCTBa HAIIEro yTBEPXKIEHUsl [TOCTATOYHO 3aMETUTh, YTO KarxKIas KOOPAMHATA (v; MOXKET IIPUHUMATh JI000e

u3 q 3HAYEHWUIL. O

Caencreue. Ecau K — xoneunoe noae u char K = p, mo |K| = p", 2de n — cmenenv K xax pacwupenus nad
€20 NPocmuLM NOINoseM (MaKuM 00PA3OM, HUCAO INEMEHNOE 100020 KOHEUHO20 NOAA 6CE200 ABALCMCA CMENEHBIO
HEKOMOPO20 NPOCTNOZO HUCAR).

JlokazaHHOe YTBEPIKIECHNE OCTABJSET OTKPBITHIMHU JIBA BOTPOCA: CYIIECTBYIOT JIN KOHEUHBIE TOJS, OTJIUIHBIE OT
moJieil BBIYeTOB, ¥ CKOJIBKO Takux mnoneit? Konedno, ucnonb3yst reopemy Kponekepa u3 npeapraymiero naparpada,
MBI MOKeM /1714 110JIefi BBIY€TOB CTPOUTD UX IIPOCTbIE PACIINPEHN, IPUCOEINHAA KOPHU HEIIPUBOAUMBIX MHOI'OY/IEHOB



crermeHu > 1, HO W HA TOM IIYTH BO3HUKAIOT HEKOTOPBIE MPOOIEMBI — HAMPUMED, O CYIIECTBOBAHUN HEMPUBOIMMBIX
MHOTOYJIEHOB ¢ KO3 (DUIMEHTAMY U3 NOJIsi BIYETOB U pa3HOOOpa3uu ux cremnereii. OTBEThbI HA 3TH U APYTUe BOMPOCHI
MBI TIOCTAPAEMCS TaTh B 3TOM maparpade.

Wcnonb3ys TeOpeTHKO-TPYNIOBBIE COOOPAYKEHMST, MbI CEYaC MOKAYXKEM, 9TO KaXKI0€ KOHETHOE MOJIe TECHO CBSI3aHO
C BBEIEHHBIM B TPENBIOyINeM maparpade MOHATHEM IOJIs PA3JIOKEHWs MHOTOYIeHa. JIasd 3TOro MbI yCTAHOBUM
CTeAYTONTuil MPOCTOil (pakT, sABsomuniica 0bobIenneM Masioit TeopeMbl Pepma.

IIpennoxenune. Fcau K — noae u3 q saemenmos, mo al = o 0as xas#cdozo o u3 3mo20 noss.

Proof. Tlpu a = 0 yka3aHHOE PABEHCTBO OUYeBUIHO. HeHy1eBoit @ MOYKHO pacCMaTpUBaTh KaK 3JIEMEHT MYJIbTUILINKATABHON
rpynnsl K* Hamiero mosisg, a OHa WMeeT TOPSAIOK q¢ — 1. B cumy ciencrBust 3 Teopembl Jlarpanka O rpymnmax MbI
nMeeM paseHCTBO ! ! = 1, U3 KOTOPOTO, OUeBUAHO, creayer af = a. ([l

,HOK&S&HHOG yTBEpXKAEHWE TTO3BOJINT HAM TENeph OXapaKTEepPpU30BaTh KOHEYTHOE TOJIE KaK TOJIe Pa3JIOKEeHN A HEKOTOPOTO
MHOT'OYJI€HA.

CuencrBue. Ecau K — xonewnoe noae u3 q saemenmos, mo 6 xoavye K|x] cnpasedauso pasencmeo

! —x = H(w—a)

acK
(maxum obpazom, K sessemes nosem pazrogcenus mmozowaena £¢ — x 1ad 41006m c80UM NOONOAEM).

Proof. Tlo noka3aHHOMY TPEJIOKEHUIO BCE IJEMEHTHI T0Jisi K SBIISIOTCS KOPHSIMHU MHOrOYIeHa ¢ — T, K TOMYy ¥Ke
MHOTOYJIEHBI B JIEBOU U MPABOil 9aCTAX MPUBEIEHHOTO PABEHCTBA UMEIOT OJIMHAKOBBIE CTEMEHU U OJUHAKOBBIE CTAPIITNE
K03 DUIMEHTHI. O

Jlamee B 9TOiT r1aBe HAM MOTPEOYeTCs OAWH 3aMedaTeIbHbIN (dakT, Kacaomniics apu@MeTHKN Moaeil HeHy 1eBOoit
XapaKTEPUCTUKH.

- m -
JIemma. Ecau K — noae xapaxmepucmuru p > 0, mo (a+ 8)P =aP + P dasn 4106020 HAMYPAALHO20 YUCAG M
U NPOU3BOALHBLEL Inemenmos & u [ u3 noas K.

Proof. N3-3a OWHOMMATIBLHOTO PA3IOKEHUST

p—1
(a+B)P" =a?" + Z Clnalpr" =t 4 gr"

1=

HaM JIOCTaTOYHO MOKA3aTh, 9YTO MPU BCEX HMHIEKCAX %, yAoBaeTBopaAommX ycaosuio 1 < i < p™ — 1, bGuHOMHUAILHBIE
kosppummentor Cf nenarca Ha umeao p. Jlaa 9Toro mopcuMTaeM, ¢ KaKMMHM TOKA3aTeIssMU Halle p BXOAWT B

KaHOHWYECKUE PA3/I0KEHHUsT YUCTUTE/I U 3HAMeHaTe /I 1podu ((p )2),
Kaxk o6braHo, depes [y] 6ymeM 0603HAYATH 4eAyto 4acmsd PAIMOHATIBHOTO YHCIIA Y, TO €CTh HANOOIBITee U3 IEJIhIX

qncen N, aisg KoTopbix N < y. Heca0KHO MOCUUTATh, UTO /I BCIKOTO HATYPATBLHOTO 7 B KAHOHMYECKOE PA3IOKEHIE
qucia n! mpocToe YUCIo P BXOJUT € TIOKA3ATETEM

-3l -

— MOHSATHO, YTO B TOM CyMMe TOJBKO KOHEYHOE YUCJIO CJAATAEMBIX MOXKET OBITh OTJIUYHBIM OT HyJs. B wacTHOCTH,
g n < p™ MOYXKHO CYATATH, YTO YUCJIO CJIATae€MbIX B 3TOM cymMme paBHO m. Jlajee, JIerko moka3arh (mokaxkure!),
qro nipu 1 <4 < p'™ UMEOT MeCcTO HePABEHCTBA

[i]—k{&]g{ﬂ} g 1<j<m " [L}+[&}<Vﬁ]
v’ v’ v’ pm " "

H09TOMy npu JI0O00M HATYPAJbHOM 171 TIOKA3ATEIh, C KOTOPBIM P BXOIUT B KAHOHWMYECKOE PA3JIOYKEHUE UHCIIUTEJIS

ct m , DOJIBIIIE TIOKA3ATENSI P B KAHOHMYECKOM PA3JI0XKEeHUN 3HAMEHATE s Clm a 3TO 3HAYHUT, YTO HAIIl OMHOMHAILHBIN
pmo ’

KO3 PUIMEHT AeTUTCA HA P. [l



Teneps y HAC BCe TOTOBO JJIs OKA3ATEIHCTBA OJHON W3 NEHTPAJIBHBIX TeOpeM 3Toro maparpada.

Teopema (0 CyIeCTBOBAHUU KOHEYHOTO IOJIsA). las 4100020 NPocmozo wucia p u NpoudsosbHo20 HamypaibHo2o
n CYwecmsyem noae, colepicawsee poeHo p INeMeHmos.

Proof. Tlonoxum q = p™ u myisg muorodnena f = x?—x o6o3Hayum dyepe3 K ero moJie pa3ioxKeHus HaJl, [I0JIeM BLIYeTOB
o Momyso p. I3 onpenesenns nojis pa3jiokenus cienyer, 9o K — koHedHoe Tojie (OHO SBJISIETCS PACIIMPEHUuEeM
KOHEYHOTO TIOJIsT M TTOPOYKJAETCS HaJl HUM KOHEYHBIM MHOYKECTBOM ajire0pandecKnX 3JIEMEHTOB), a B Kojble K[z

q

MHOrO4IeH f packiaabiBaercd Ha auHeiible MHOXKuTen: f = [ (r — «;). Bamernm, uro B cemeiictse (g, ... ,qq)
i=1

BCE TJICHBI MTPUHAIIEKAT MO0 K W TOTapHO pa3javdHbl: HAII MHOTOYIEH He NMEEeT KPATHBIX KOPHE, MOCKOIBKY €ro

npoussognas [ pasaa —1. CremoBaTenbHO, MOCTPOEHHOE HAME TIOJIe K CONEP:KUT HE MEHEE § FJIEMEHTOB.

PaccmoTpum Tenephb ¢-31eMEHTHOE TIOAMHOKECTBO
L={o,...,a,}.

CoBepirteHHO 04UeBUIHO, 9TO L comepxkut (), & BCe €ro HEHYJIEBBIE 3JIEMEHTHI 00PA3YIOT IPYIITY OTHOCUTEIHHO YMHOYKEHUS .
IIo memMe MBI UMeeM
. N — 4  __ . .
(i + o)) =af +aj =a; +aj,

OTKyZla CTeIyeT 3aMKHYTOCTb MHOXKECTBA L OTHOCHTETbHO cioxKeHuda. JloOaBuM, UTO BMECTE C KaXKIbIM CBOUM
SJIEMEHTOM L COIEPXKUT U HpOTI/IBOHOHO)KHbe/’I €My 3JIEMEHT: MPU HEYCTHOM P 3TO ABJIAETCA CJICICTBUEM DaBEHCTBA
(—a;)? = (—1)%a!, a npu p = 2 mmeem o; = —;. Bee ckazannoe BMecTe o3HauaeT, 9ro L — mose (OTMETHM, €TO OHO,
pasymeercs, COBMaAaeT ¢ nojem K, Tak Kak ABJSAETCA MOJeM pa3jioxkeHus f). ([l

YyTh mo3Ke MBI TOKAKEM, 9TO JTI000e moJie 3 p” 3JIEMEHTOB M30MOP(MHO TOJIHKO UTO MOCTPOCHHOMY, HO CHAYAJIA,
YCTaHOBUM BaXKHOE CBOHCTBO MY/IbTHUILTAKATHBHONW PYIIIBI KOHEYHOTO TOJIS.

Teopema (0 cTpoeHNE MYJIbTUNIUKATABHON TPYINbI KOHEYHOTO MOJIst). Myavbmuniukamuehas epynna 4106020
KOHEUHO020 NOAA — UYUKAUNECKAA.

Proof. Ilycte K — moJie u3 p™ 3jeMeHTOoB U m = p"" — 1 — NOPAA0K ero MyJbTHILIMKATUBHON I'PyHIbl. DByaem
cYMTaTh, 9TO M > 4 — WHAYe HAIlle YyTBEPIKJICHUE TPUBUATHHO.
[IpenmonokuM, 9TO0 KAHOHUIECKOE PA3JIOKEHUE 17, UMEET BUJL

k k..
m=p;'...p.".

m
Kak u3BecTHO, 1718 Ka)KI0ro HATYPAILHOIO YHCIA i, yI0BIeTBOpsonero vepasencream 1 < ¢ < r, ypaBHeHue T ri —
m

1 = 0 umeer B moe K we 6osee % peIIeHuii, TOITOMY MOYKHO HAWTH Takoil smeMment a; € K*, uro o) # 1. Ina

KaxzI0ro | 3aduxcupyem «;, nomoxkum (; = «;° ' u paccmorpum ord ff; — HOpANOK 3d1eMeHTta f; B rpymnme K*.

W3 reopems! Jlarpamxka cienyer, uro o) = 1 = [Pi" mostomy ord f5; ABIfeTCA NeIUTENEM UHCIIA pi*, 10 ecTn
ord 8; = p;" ana mexoroporo I; mpu 0 < I; < k;. BaMeTuM, ITO IPH ITOM UHCIO [; HE MOXKeT GbITh MeHbIe k; : B

k-1 -1 - .

MPOTUBHOM CJIy4ae OKa3ajoch Obr, uro [P =1, xors P =" # 1. Takum obpa3om, Mbr umeeM ord 3; = pike
JJIS KazKJOT0 WHIEKCA, 1.

Paccmorpum nanee npoussenenue 3 = 1 ... [S,. U3-3a coornomenus ™ = 1 uucio m nenurcs Ha ord 3, a moromy

ord =pitt ... ptr

npu HEKOTOPBIX t; < k;. Ilpeanmosioxkum Ha MUHYTY, YTO IJIsi HEKOTOPOTO WHJEKCA | WMEETCs HEePABEHCTBO t; < kj;
MTEPECTABJISAS TP HEOOXOANMOCTH COMHOXKUTENIN B KAHOHUYECKOM PA3JIOKEHUU 171, MOYXKHO, KOHEYHO, CIUTATH, ITO
t1 < ki. Torma musa uucna s = p’frl ...pkr Brmonmserca pasencto A5 = 1 = B ...732. BameTum, UTO TPH ITOM

B; =1 npu j > 1, nockonbKy s nemurcs Ha ord ;. Ho torna okaspisaercs, 4ro S = 1 u 0OTOMY YHC/IO § J€JINTCH

Ha ord By = p’fl, YTO MPOTUBOPEYUT BBHIOOPY Ss. Takum 0Opa30oM, B OMUCAHHON CUTyaIluu MbI uMeeM t; = k; IJIs BCex
nHaekcoB ¢ u ord f = m, a 3T0 3HAYMT, YTO UUKIXYECKas IIOArPYIIIa, IOpoXKaeHHasa (3, coBnagaer ¢ K*. O

Caencreue. Ecau K — Kkoneunoe nose, a k — ezo nodnoae, mo pacwupenue K/k — npocmoe.



Proof. Ecnu uukimveckas rpynna K* nopoxaena snemenrom 0, ro K = k(8). O

Cne;xyfomaﬂ TeopeMa CIIYZKHT €CTeCTBEHHBIM JOIIOJTHEHHEM K TeOpeMe O CYIIECTBOBAHHUHN KOHEYHOI'O IIOJIA.

Teopema (0 €JUHCTBEHHOCTH KOHEYHOTO IOJIsA). /A4 4106020 NPOCMO20 YUCAA P U NPOUSEOALHOZ0 HAMYPAALHOZO
n 6Ce NOAA, COCMOAULUE U3 P INEMEHMOB, USOMOPPHHBL MEHCIY COOOT.

Proof. Ilycts Ky u Ky — 1Ba TOJIsI, KaxXKI0€ U3 KOTOPBIX CONEPKUT POBHO P’ 3JIEMEHTOB, U k — TIOJIe BHIYETOB
no moxayiio p. Ilo crencrsuio w3 mpeabiayineli Teopembr oba pacimpenns Ki/k n Ky /k SBIAIOTCS TPOCTHIMHU; B
gacraoctu, Ki = k(61) mnsa mekoroporo ¢ w3 K. Eciu g — MuHUMAILHBIA aHHYIATOD 37eMeHTa € Ham k, TO
€ro CTeleHb PaBHA N, a CaM ¢ ABJIercsd JeauTesieM B Koable k[x] muorowrena f = 2P" — r Kak aHHY/ISATOPA BCEX
3jeMeHToB noud K.

C npyroit croponsl, B KoJblle Ka[z] MHOTOWIEH f TaKyKe pACKIIAIbIBAETCS HA JIMHENHBIE MHOYKHUTEIH; CIIeJOBATEIHHO,
B tojie Ko y MHOTOYJIEHA g UMEETCsT HEKOTOPBIH KOPEHb fy. B 3T0i1 curyamum g ABaseTcs MUHUMAIbHBIM aHHYJISITOPOM
0> uan k, crenens pacumpenus k(f2)/k cosmamaer co crenennio pacimpenusi Ko /k u nosromy Ko = k(). Janbime
OCTAETCsI COC/IAThCH Ha, JIOKA3aHHOE B IpeablLaAyIeM naparpade npemjioxkenane 00 n30Mop¢GHOCTH IPOCTHIX PACIINPEHUH,
[IOPOZKIEHHBIX KOPHEM OJIHOI'O M TOrO K€ HEIPUBOAUMOrO MHOIOYIEHA ¢. O

Sameuanue. J[okazanmnbie MEOPEMbL 0 CYUWELCMEOBAHUY U COUHCMEEHHOCTIU NO3GOAAINOM 6 0AAbHETUWEM 2060PUMD
npocmo o nose u3 P asemenmos. Imo nose mpaduyuonno obosnavarom GF(p") u naszwearom nonem Tanya us
P anemenmos (00603HaNEHUE CBA3AHO, KOHEwHO, ¢ anzaulckum Hadsanuem Galois field — noae Taaya, xax unave
HA3VEAIOM KOHEWHOE TOAE); 8 Nocaedrue 200b, 6Npouem, bosee ynompebumenrvrolm Aeasemces obosnavenue Fpn (no
ananrozuu ¢ Q, R u m.d.) — amum obosnaueruem mv u 6ydem noavzosamocs dasee. B wacmuocmu, F, — amo noase
BLLYEMOB NO NPOCTNOMY MOOYAIO P.

s IpOM3BOIBHBIX IIPOCTOrO p M HATypajabHOro n nose Fyn mMmeer, pasymeercs, KOHEYHOE YUCIO MOAMNOJIEH.
OnumewMm ux Bee.

Teopema (o moamoasix KoHedHoro moJist). 1) Kaoicdoe nodnoae noas Fpn cocmoum us p™ anemenmos, 2de m
— Hexomopbill JeAument YUCAQ N.

2) Zlas 2106020 desumens m wucaan cywecmsyem eduncmeennoe nodnose noas Fpn | cocmoauee u3 p™ snemenmos.

Proof. TlepBoe yTBep:KIeHHEe TEOPEMbl OYEBUIHO: B CAaMOM HadaJe 3Toro maparpada Mbl J0Kas3aJiu, 4ro ecad K —
Komewwoe mosie, a k — ero moxmone, To |K| = |k|(5*) . Mokaxem Bropoe yTepsxaenue.
Ecau n nennrest Ha m v n = mr, TO

pn—].:pmr—].:(pm—].) (pm(r—l)+pm(r—2)+_”+pm+1)

u nosromy p" — 1 menmresa Ha p™ — 1. D10 3HAUMT, 4TO B KOsble Fyn [z] MHOrOUWNEH f = zP" 1 — 1 penurcs Ha
muorounen g = 2P ~! — 1 : 1eficTBUTEILHO, MHOTOUIEH f PACKIAIBIBACTCS B 3TOM KOJIbIIE HA JIMHEHHbIe MHOKITETH
U HE WMeeT KPATHBIX KOpHei (0ObsacHUTe, MoYeMy), a KarxKIblii KOPEeHb MHOTOUYJIEHA ¢ ABJSETCA KOpPHEM f, TpuIeMm
TPOCTHIM KOpHeM (ero mpomssommas papua (p™ — 1)aP” =2 = —zP” =2 u uMmeeT TOIBLKO HYJIEBOH KOpeHb). B sToit
CUTyaIuu MHOTOUJIeH F' = o — JeanTcsa Ha MHOrouwieH G = P [Tockonbky nHame mose Fp» saBasercsa
nosnem pasnoxkenusi Haj F, muorounena F, mose Fpn comepuT u HEKOTOPOe HOJE pa3iokeHHs: MHOrowreHa G —
HMeHHO, noamose L, mosydaromeecs: npucoenutenneM K I, Bcex xopHeit muorowrena (G. Herpyano mposeputrs, 9To
nosie L COmEpKUT B TOYHOCTH P'™ 37IeMEHTOB (MMOKAYKUTE TO, BCIIOMHUB JOKA3ATEIHCTBO TEOPEMBI O CYIIECTBOBAHUI
KOHEUHOTO TIOJIS).

IIpeanonoxxum Tenepnb, uTo L1 — Apyroe moamose oI5 Fp» , cocrosimee u3 p™ snementos: Ly # L. B stom ciy4ae
BCe 3yleMeHThl L] ABIAI0OTCS KOpHsAME ypaBHeHus ¥ — x = 0 U m0O3TOMY KOPHSIME TOTO YK€ YPABHEHUs SIBJISIOTCSH
Bce d1emenTsl MHOKecTBa L U Lq. Takum ob6pazom, 1uciao Kopueit maorouneHa G B nose Fy» okazamocs 6osbire, dem
CTemeHb 3TOr0 MHOro4wieHa. llosyueHHoe npoTuBOpevne N0KA3bIBAET eIUHCTBEHHOCTh HCKOMOTO MO0, O

CJIe,I[CTBI/Ie. Haod r06wbm Koneunvim nosem cywecmeyrom Henpusodumme MHO20YNEHDL npO’U,Z)’BO/L’bHOﬂ cmeneru.

Proof. Ilycts k — Kakoe-HUOyIb 10OJIe U3 P 3JEMEHTOB M N — IPOM3BOJIbHOE HATypaJbHOe 4ucjao. Purcupyem
Hekoropoe nojie K u3 p™" 3jeMeHToB 1 0003HAUNM Uepe3 ki ero equHCTBEHHOE MOI0JIe, COCTOAIIee U3 P’ 3JIeMEHTOB.
N3 pesymbraror sroro maparpada caemyer, uro K/k; — mnpocroe pacumpenue crernenu n. Ilycrs K = ki(0) u
g=1z"+az" '+ ... +a, — MEHEMATbHLI anryaaTOp 3Mementa O uz ki[r]. Ecim ¢ : ky — k — usomopdusm
noneit, To MHOrouneH " + p(ai)x™ ! + ... + p(ay,) nenpusomum B k[z] (06bacHETe, TOYEMY). O



Msr 3akoH9nM 3TOT naparpad MajJeHbKAM MPUMEPOM OMUCAHUS B3AMMHOIO PACIOJIOXKEHUs MO0l KOHEIHOTO
10JI4.

IIpumep. Onuwem sce nodnoss noas Fazo — ompeskamu coedurenv, napv. "nose—nodnose”:
Fys0
F26 F210 F215
o2 s Fys
Iy

§ 3. Duementsr Teopun Tanya

ITepBoIit KPYr BOMPOCOB, KOTOPBIA MBI 00CyAMM B 3TOM maparpade, CBI3aH ¢ OCOOEHHOCTSMU MUHUMAJBHBIX
AHHYJISITOPOB ANredpandecKuX 3JEMEHTOB, & HOTOMY — U ¢ OCODEHHOCTSIMU HEIPUBOAUMBIX MHOTOYJIEHOB.

IMycrs k — mexkoropoe mosie, f — HenpuBoguMblii B k[x] muorowren u K — kakoe-uubyIb €ro nojie pas3ioKeHus:
f=08(—-a1)...(x —a,) B K[z]. Eciiu Bce ajieMeHTbI v; TIONAPHO PA3JIMYHBI, TO €CTh €CaM f HE UMEeT KPAaTHBIX
KOpHEIl B CBOEM IToJie Pa3JIO¥KeHNsI, TO MHOTOUIeH f HAa3bIBAIOT cenapabeavhbim. Takum 0Opa3oM, necenapabesbruii
MHO204AEH — FTO HETPUBOIUMBIH MHOTOUJIEH U3 k[Z], MMEIOIIHii KpaTHbIe KOPHH B CBOeM moJie pasioxenus. Crenyoriee
YTBEpKIEHNE MOXKHO PACCMATPUBATH KaK OMUCAHNE HECEMAPADEbHBIX MHOTOUIEHOB, HE 3aBUCSIIEE OT MOJIS PA3TOKEHUSA.

IIpennoxxenune. [Tycmo k — npouseoavroe nose v f — mnenpusodumwvili muozousen ud k[z]. Omom mmuozousen
ABAALMCA HECENAPAbEAdHBLM M020a U MOAbKO Mo20da, Ko020a e20 npouseodnaa f' — Hysesol mHo204NEH.

Proof. Obo3uaunm depe3 K kKakoe-HUOy/b MMOJie PA3JIOXKEHUs HAIEro MHOrodieHa f u OyaeMm cuwrarb, 9ro f =
B(x —ay)...(x — ) npu Hekoropbix 8 # 0, a4, ... ,q, u3 K.

Ecmu f' — mynesoit MEOro4nen, To no reopeme u3 § 1 rmaser VI KaxKaplit o; ABISETCA KPATHBIM KOPHEM [, OTKYIa
cjemyer HecernapabeabHOCTh f.

[Ipexnosnoykum Tenepb, 9To MHOTOWIEH f HecemapabeneH M a1 = «a JJIs HaIero pasjioykenusi. Torma mo yixke
yIIOMUHABIIEHCsE TeopeMe O KparHbix Kopuax umeeM f'(a;) = 0. Paccmorpum naubGonbiuuii obwuii menurens d
muorodiena f u ero npoussoauoil f' B koabue k[z]. U3 cymecrBoBanus JmHEHHOro npejacrasienus d ciemyer, 4ro
d(ay) =0, a moromy d sBjIsieTCs aHHYJIATOPOM 3JieMeHTa ¢ B Kosble k[z]. Ho npunayiexamuii 3roMy »Ke KOJbI
MHOTOUJIEH f SIBJSIETCS HEMPUBOIMMBIM AHHYJISITOPOM (v1, TIO9TOMY OH ACCOIMUPOBAH C MUHUMAJIHHBIM aHHYJISITOPOM
Q¥ noTomy MHOrouseH d nenurca Ha f. B takom ciaydae Mmuorowiensl d u f acconuuposanbl u f’ menurcsa wa f. U3
cpaBHeHUs creneneil f u f' MOHATHO, 9TO 3TO BO3MOKHO TOIRKO mpu f' = 0. o

Ipumepst. 1) Ecauk — noae nyaesoli Tapaxmepucmury, mo xancovil Henpueodumsili wad k muozousen cenapabenen
(doxasicume amo!).

2) Had xoneunvim nosem Fpn Kaotcovil nenpusodumul muozounen cenapabenen. Jedcmeumenvro, ecau f = x™ +
a1z 4t an, — nenpusodumbill Hecenapabeavnviti muozousen, mo f' = 0, a 3mo anauum, wmo m desumca
napu f=zP" + B2’ 4 .+ B, npu nexomopom r. Ecau xaxoti-mo xosdduyuenm B; makozo mrozounena



n
omaunen om nwyas, mo Y = fB; (obsacwume, novemy) u, caedosamensvro, f; =y dan nexkomopozo vy; € Fpn .
Ho mozda mv umeem pasencmeo

f=a e’ 4= (@ A )
NPOMUBOPEUAULLE HENPUBOOUMOCTIU MHO20UNEHG |

3) Hycmw k = F,[t] — nose payuonasvhoz gyrnkyuti om nepementol t Had NoAem 6b4emos no NPocmomy Mooy
p. Mrnozounen f = zP —t 6 koavue k[z] nenpusodum (nodpobroe dokazamesvcmeo smozo darma, ucnosbayrousee
mezxHuky nocaeduezo napazpapa 2aaeve VI das daxmopuasvhux xoaey, mol npueodums ne 6ydem) u, owe6uoko,
Hecenapabesen.

Asnrebpandecknii snement 6 pacimpennst K /k Ha30BeM cenapabesvhvim U HECENapabesbHbiMm IAEMEHMOM ITN020
PACWUPEHUA B 3ABUCHMOCTH OT TOTO, CemapabebHbIM WA HecenapabeIbHbIM SBIISETCsT er0 MUHUMAJTBHBIA aHHYIATOD
(rakum 06paszom, 06a 3TU TEPMUHA OCMBICJIEHBI TOJLKO /s ajdrebpandeckux saementoB). Ormerum, 4ro eciu § —
cenapabesibublil siement pacmupenus K/k u L — mpomexkyTodHOe moJie 3Toro pacumpenus, 1o § cenapabenen u
uag L (o0bsacauTe, mouemy); oOpaTHOE BEPHO, BOODIIE TOBOPSI, HE BCETIA.

Ecim K/k — anrebGpawdeckoe paciivMpeHyne W BCE 3JEMEHTHI STOr0 DACHIMpenusi cemapabenbubl, 10 K/k MbI
OyzeM Ha3bIBaTh CENapafesvhbim pacuiuperuem; B IPOTUBHOM ciydae (To ecrb eciu K comep:xkur xors Obl OnuH
HecenapabesibHblii Hag k 3j1eMeHT) Mbl Oysem roBoputh, uro K/k — necenapabeavhnoe pacwupenue. B wacrHOCTH,
J0b0e anrebpandeckoe paCIIupeHre MoJisi HyJIeBON XapaKTEPUCTUKH SIBIISETCS ero cenapabenbHbIM PAaCIIdPEHUEM;
TTPON3BOIHLHOE KOHEYHOE IMoJIe — 3TO cenapadenbHoe PACHIMpeHre BCIKOTO CBOETO TIOTIOIS.

Crenyroriee yTBep»KI€HUE OMUCHIBAET BAyKHOE CBONCTBO CEMapabesIbHBIX PACITUPEHTH.

Teopema (o mpocroTre cemapabesbHBIX pacimiupenuii). Joboe Koneunoe cenapabesvhoe Pacuuperue A6AREMes
nPOCMBLM.

Proof. Ilycrs K /k — koneunoe cenapabesibroe pacuupenue u (K : k) = n; 06a 007151 Mbl MOXKEM CYMTATH GECKOHEYHBIMY
— WHa4Ye Hallle yTBep:KIeHue yke JoKazaHo B § 2. [gsi n = 1 Haie yTBepKIEHHE TPUBHAILHO, TOITOMY OyIem
cautarb n > 1.

Bozbmem B K mpOu3BOJIBHBIN JIEMEHT (v, HE MPUHAILIEKAIUN Kk, ¥, IPUCOEIUHUB €ro K MO0 K, PACCMOTPUM
npomexxyrounoe none K; = k(ap) mamero pacumpenusi. Mbl yxKe orMedasu, 4ro KaxKIblil ssiemeHT mons K
cenapabenen #Hag K. Ecin Ky = K, To Halme yTBep:KIeHHE yCTAHOBIEHO. B MpoTHBHOM ciydae MBI mMeeM 1 <
(K : K1) < n u MOXKHO, B3sB B K Kakoii-HUOYAb 3JIEMEHT (o, He npuHaiexKamumii K1, paccMOTPeTh NPOMEXKYTOUHOE
none Ky = K (az2) pacumpennss K/K;. Pacumpenne K/K, cemapabemsro n (K : Ky) < (K : Ky). IIpogomnxas
OTMCAHHBIN MPOIECC, MBI 32 KOHEYHOE YHCJIO IIArOB MOCTPOUM IIETIOYKY ITOC/IEI0BATEILHBIX TPOCTHIX PACIIUPEHUIH,
cBs3bIBatONMX k n K :

kcKiCcKyCc...CK,=K.

[TockoIbKY KasK0€ 3BEHO B ITOM IEMOYKe SBJISIETCST KOHETHBIM TTPOCTHIM CemapabebHBIM PACIINPEHNEM, TS TOKA3ATETHCTBA
HaIefl TeopeMbl JIOCTATOYHO MOKA3aTh, YTO JIOOBIE JBAa 3BEHA W3 TPOCTHIX PACIIMPEHUN B ITON IENOYKe MOXKHO
3aMEHHUTb OJHUM, TO €CTb J0Ka3arb, uro eciau k(a)/k u k(a,f)/k — aBa npocTbIX KOHEHYHBIX cenapabesibHbIX
pacuupenus, to k(a, 8) = k() ais nekoroporo siemenTa <y u3 nous k(a, ).

Paccmorpum wazm momem k MUHWMANBHBIN aHHYASATOD f /IEMEHTa W MUHWMAJbHBIH aHHYISATOD ¢ SJIEMEHTA
B. ycrs deg f = r u degg = s, a L — kakoe-HuOy b MoJie pasjoxKenue npoussenenusa f - g van nouem k(a, ).
Bamerus, 4ro B mosie L Haiu MHOrOWIeHbl f U g HE UMEIOT KPATHBIX KOpHell (0ObsicHuTe, noyemy), Oyaem mmosararb,
9To0 (O = Q,...,Q, — Bce Kopuu f, npunammexamme L, a f; = (3,...,3s — Bce comep:xkamuecs: B L kopuu g. B
HarreM OEeCKOHEeYHOM moJjie k MOYXKHO BbIOPATh TAKON HEHYJIEBOH 4, 9TO PABEHCTBO

a; + phm = aj + upb

MMeeT MECTO B TOM U TOJIbKO TOM CJIydae, KOraa ¢ = j u m = [ : nefiCTBUTENbHO, [IJI 9TOTO JOCTATOYHO B3ATH JIF000H
HEHYJIEBOU [ TAK, YTOOBI BHIMOIHSINCH HEPABEHCTBA,

Oéj—Oéi
M#Bm_ﬁl

TIPU BCEX § # j U T # t, TO €CTh CAENATH JJIs (4 3AMPETHBIMUA TOJIHKO KOHETHOE YUCIIO 3HAYEHU.
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BadukcupoBas (i ¢ ONMUCAHHBIME CBOWCTBAMHU, MOJOXKUAM JATIEe

v =a+up

U 3aMEeTHM, 9TO 3TOT 3JIeMeHT npuHamiexur moaio k(a, ). Cuemosarensuo, k(y) — mommone k(a, ). Ocraercs
MOKa3aTh, 4TO @ U [ comepkarhea B k(7).

Paccmorpum muorousien h(z) = f(y — px) — ero KoadHUIMeHTH TPUHAIEKAT, Kak JErKO TOHATh, moio k(7).
W3 paBencrs

h(B) = f(y—uB) = f(a) =0

caenyer, uro h — auryasatop [ uag k(). C apyroii cToponbl, g — Tak:ke annyaarop 3 uaz k(vy), m03ToMy IpUHAIJIeK AT
KoutbIity k(7)[x] yHuTATBHBI HAMOOMBINHI 0OIIMT AennTenh d MHOTOUJIEHOB h U g TaK¥Ke sIBJISIETCS AHHYJIATOPOM 3.
Byayun nenwrenem g, MHOrOuseH d pacKkiaajabiBaeTcs B Kojble L[z] Ha JWHeHbIe MHOXKWTEIN U He NMeeT KPATHBIX
kopHeit. Bosee Toro, B mone L oH BoOOIIE HE uMeeT KOpHEH, ormndHbIX 0T (. deficTBUTENbLHO, ero APpyruM KOPHeM
MOXKET OBITh TOJIBKO KaKOH-10 B, mpu m > 1, Ho Torma [, okazaics Obl KOPHEM MHOrOYIEHA h W Mbl UMEJH Obl
h(Bm) = f(v — uBm) = 0, xorst v — uBym # @ AJis TPOU3BOJBLHOIO 4 MO BLIOOPY . JTO 3HAUUT, uT0 d = = — S u
B € k(v). HousarHo, 9ro Torma a = y — uf3 Tak»Ke NpUHAIIERUT k(7). O

Tenepb MBI BBEIEM eIlle OJWH BAYKHBIN TEPMUH: TPOU3BOJBHBIN M30MOPdU3M Mo Ha cebs MbI Oy/IeM HA3BIBATH
a8mMoMOpPHU3MOM ITOTO TOJIS.

IIpumep. /Jra xoneurnozo noaa Fpn paccmompum omobpasicenue ¢ : Fpn — Fpn | npu xomopom xascdomy o € Fyn
conocmasasemes p(a) = aP. Omo omobpasicernue co2AaC08GHO, 04EBUIHO, C YMHOHNCEHUEM U ABAALMCHA AEMOMOPHUMOM
a00uMUBHOT 2PYNNbL HAUWE20 NOAL (QOKAHCUME INO, UCNOAB308a8 Aemmy u3 § 2). Caedosamervro, p — asmomopdhusm
noas Fyn 5 on naszvieaemes asromopdusmom Ppobenuyca.

Jlerko mpoBepuTh, 9TO MHOYKECTBO BCEX aBTOMOPGU3MOB 1oyt K 0b6pa3yer rpymiry OTHOCUTETLHO KOMITO3UIINA —
9Ty rpymnmny ecrectBeHHo 00o3Hauarh Aut(K). Eciu k — kakoe-uubyab noanose nojas K u o € Aut(K) ue menser
9JIEMEHTOB 3TOrO MOAMOJISA, TO €CTh o(q) = « Tpu JIIOOOM « u3 k, TO 0 HA3BIBAETCI AGMOMOPPUIMOM DACUUPEHUSA

Ipumepst. 1) Jasa 4106020 nodnoas k noas K mooicdecmeenmsili asmomophusm €k AGAALTNCA AETNOMOPHUIMOM
pacwupenus K/k.

2) Jhobot aemomopdusm o € Aut(K) nepesodum 1l 6 lk; us amozo caedyem (obsacnume, novemy), wmo ecau k
— npocmoe nodnoae noas K, mo xaocowi asmomoppusm K saeasemes asmomoppusmom pacwupenus K/k.

3) Komnaexcroe conpasicenue — eduncmeernvill nemootcoecmsennvild asmomoppusm pacuwupenus C/R (doxaorcume
amo!).

MHoxkecTBO Beex aBromopdusmos pacumpenust K /k mbt 6ygem oboznadars Aut (K /k). Jlerko norsars, uro Aut (K /k)
— noarpymnmna rpynnsl Aut(K).

latee B 3TOM maparpade Mbr 9acTo OyIeM pacCMaTPUBATH IPYIIBI ABTOMOP(MI3MOB aJIreOPANIECKUX W, B YACTHOCTH,
MPOCTHIX anrebpamyeckux pacumpennii. ChopMynmupyem B 3TOH CBA3M HECKOIBKO CBOHCTB ABTOMOP(MU3MOB PACIIUPEHHS.

IIpenmnoxxenue. I[Ipednoaoocum, wmo 6 pacwuperuu K /k snemenm 6 anzebpauien u g — €20 MUHUMAALHOLT AHHYAATOP
cmenenu n. Tozda

1) 0na mobozo o € Aut(K/k) snemenm o(0) asasemea xoprem g;

2) ecau K = k(0) u n — npouszeosvnuii kKopensb muozousena g, npunadiesicawyut noato K, mo omobpasicenue
o : K — K, onpedeasemoe pasencmeom

olag +a1f+...+ap 10" ) =ag+an+...+ap_1n" !

npu abux a; € k, asasemea asmomopgdusmom pacuwupenus K/k;

3) ecau K = k(6), mo asmomopdusmamu, onucanmomyu 6 npedvidyusem NYHKME, UCHLEPTIBLEAEMCA 6CA 2PYNNa
Aut(K/k);
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4) ecau K = k(6), mo epynna Aut(K/k) xoneuna u ee nopadox me npesocrodum cmeneny pacusuperus.

Proof. 1) Ecm g =2"+ f12™ * + ...+ B, TO
g(@(@) =0@)" +0(B)o@)" " +0(Bn) =00 + 10" + ...+ B,) = 0(0) = 0.

2) Hamomanm (MBI roBopuan o6 atom B § 1), 9uro B curyammn storo mymkta (1,6,...,0" ') — Gasuc K wak
npocrpascTBa Hal k, M03TOMY OTOOparKeHUWe o ONPeNejeHO KOPPEKTHO; MOHATHO TakxkKe, 4ro o(a) = « npu
BeakoMm « € k. s moboro kopust ) € K MHOTOYJIEHA ¢ caM ¢ SBJISIETCS €ro MUHUMAJIBHBIM aHHYJIATOPOM HaJ
k w nostomy (1,7,...,n"" 1) — Takxke Gasuc pacmmupenus K/k. I3 3toro cienyer, 9To ¢ — aBTOMOPGbU3IM
IIUTUBHOM Tpynnbl mosist K. UyTh ClioiKHee TOKA3BIBAETCST COTIACOBAHHOCTD 0 C YMHOYKEHHEM.

3amernM, 4TO HAIle ONpeJeTIeHne o MOKHO chOPMYJIHPOBATh HECKONbKO nHade: o(r(f)) = r(n) mus moboro
mHorousneHa r u3 kx|, eciu degr < n. [IpousBosnbHBIE 3/1eMeHTBI (4 U ¥ U3 00t K MOMKHO 3aIUCaTh B BHIE
u=f(0) mv=~n(), rne f u h — muOrOuNeHH! N3 k[x], cremenn KoTopbix MeHbIne n. [lycts fh = gq + r s
MHOTOYJIEHOB ¢ u T, ipudeM degr < n. Torma

o(pv) = o(f(O)h(0)) = o(r(9)) = r(n) = f(Mh(n) = o(wo(v)
uo € Aut(K/k).
3) ocTaTovHO NPUMEHHUTD IIEPBYIO YaCTh YTBEPIKICHHUS.

4) B cuny nyHkra 3) 9mcso pas3nudHbix aBromMopdu3Mos pacimpenus K /k onpenensiercs 4ucioMm KOpHEH MHOMOYIeHa,
g, & 9TO YHCJIO He MPEBOCXOIUT M.

O

Tenepb MbI BEIYUCIUM TPYIIY aBTOMOP(MU3MOB KOHETHOTO MOJIsI, COBIAJAIOIILYI0, KAK Y?Ke TOBOPHUIOCH, C TPYTIIOi
aBTOMOP(U3MOB 3TOrO TOJIST HA €r0 MPOCTHIM TOIITOIEM.

Teopema (06 aBromopdusmax KoHedHoro moust). I'pynna Aut(Fyn) Aessemes yukiuveckol epynnod nopaoka
n. B xauecmee obpasyrouet 9mot epynnvl MONCHO 634Mb asmomoppusm Ppobenuyca.

Proof. B § 2 mbl y2ke roBopmn, 9to Fyn = Fp, (#), rae § — o6pa3yromumit 971eMeHT IUKINIECKON TPYIIbI [} mopsinka
p" — 1. Kaxgprit aBromopdusm pacmupenus Fy» /F, onpenensiercsi, Kak yCTaHOBIEHO MOCTEIHAM TIPEIJIOKEHUEM,

HEKOTOPHIM KODHEM MIHUMAJILHOIO AHHYJIATOPA § SJIeMEHTa 0. Ucnonb3ys ieMMy u3 § 2, HECJIOXKHO MPOBEPUTD, UTO

ssemeHTsl 6, 6P, 9” . ,9”"_1 SIBJIAIOTCS KOPHSMU MHOTOUJIEHA ¢§; JIETKO 3aMETUTh TaKKe, YTO BCE T KOPHU MOMAPHO

Pa3IMYHBL: €CJIN 9” =60” mpu0<i<j<n-—1,mto 8" T =1m Pt pnTl < pn — 1 a 9TO TMPOTHBOPETHT TOMY,

910 § — 0Opa3yoIINil TEMEHT TUKJINIECKON rpynnsl mopsaaka p' — 1. Suauwr, 6, 67 0” ,0”" — 3TO BCE KOPHH

g u | Aut(Fpn )| = n. Ocraercs 3aMeTHTD, UTO €CIIH asToMOpdu3M 0 oM Fpn onpeaenﬂeTcsI pasercTBoM 0;(6) = 67",

10 01 = ¢ — aBromopdusm Ppobennyca u o; = @' (pazdbepurech B JETANAX ITOIO PACCYKICHHUS ). O

Dukcupyem renepb npoussosibHoe paciupenue K/k u nonoxum G = Aut(K/k). C KaxKabM IPOMEKYTOYHBIM
nosieM L HAaIero pacimperns U ¢ Kaxkaoi noarpymnmoi H rpynmet G cBsSzKeM MHOXKECTBA,

Gr ={0 €G|o(a) =« npu Beex « € L} " K" ={a € K |o(a) =a npuscex o € H}.

Herpyzano mposeputs (mposepbre!), uto Gf, — moarpynma rpymmsr G, a K — mpomeskyTounoe mose pacmmpenns
K /k. Taxum obpasom, ecin uepe3 & 0603HaAIEHO MHOYKECTBO BCEX MTPOMEXKYTOYHBIX Tosieii pacimpenns K /k, a gepes
® — MHOXKECTBO BCEX MOJIPYIII MPYIIbI ABTOMOP(MU3MOB 3TOTO PACIIMPEHUSI, TO MbI OMPEIEIIN JIBA OTOOPAKEHUSI:
A — &, npu koropom L — Gp, u & — R, nupu xoropom H +— KH; sty napy orobparkennii npuHATO Ha3BIBATDL
coomeemcmeuem I'aaya. Herpyauo nposepursb (caenaiire sro!), uro coorBercrsue [anya obiamaer ciemyrommmu
3aMedaTeIbHBIMUA CBOMCTBAMU:

IIpennoxxenune. /aa npouseoavrozo pacwupenus K/k ¢ epynnoti asmomopdusmos G
1) ecau Ly u Ly — dea npomescymounoix noas v Ly C Lo, mo G, C G, ;

2) ecau Hy u Hy — dse nodzpynnwi epynnw G u Hy C Hy, mo KH2 C K,
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3) ecau L — awoboe npomesicymounoe nose, mo L C KGr;
4) ecau H — mobas nodepynna epynno G, mo H C Giu.

Jlamee MbI MOKaXKEM, 9YTO TPHU OMPEIESEHHBIX YCIOBUSAX IJid KOHEYHOrO PACIIUPEHWS Mapa OTOOpakKeHuil u3
coorBercTBus ['anya sBsgeTcs mapoii B3amMHO 00paTHBIX OUEKIINI, a Cefvac yCTAHOBUM OJMH BaXKHBIN (DAKT, CBI3AHHbIM
C KOHEYHBIMU FPYTIAMU ABTOMOP(MU3MOB.

JIemma (Aptun). ITyemv K — npouseoavhoe nose, G — Kaxaa-nubydob KOHEUWHAA 2PYNNG €20 a8MmomopPhusmos
(neobazamenvro cosnadaowas ¢ Aut(K)) u k = K% — nodnose K, cocmoawee us 6cex siremenmos, xomopuie He
MeHAmes nod deticmeuem 4106020 aemomoppusma epynnu G. Tozda K[k — wonewnoe pacwupenue u (K : k) = |G|.

Proof. Paccyxmaem uHIyKIHeH mo mopsaaky rpynnsl G. Eciu G cocTouT TOMBKO U3 TOXKIECTBEHHOTO aBTOMOP(MU3MA,
470 Hale yreepxkaenue rpusuanbho: k = K. Ilycrs |G| > 1 u a — kakoil-uubyap saement nosis K, He NpuHaexKaliuii
k. ComocraBuM 3TOMY 3JIEMEHTY KOHEYHOE MHOXKECTBO

H={relG|7(a) =a}.

Jlerko mposeputh, uro H — mnoarpynmna rpynnst (; scHO, 4To oHa He coBnagaer ¢ G. 3amerum, uto o1 (a) = o2()
JIIS IBYX aBTOMOPGMU3MOB 01 U 03 rpynnbl G TOTJa U TOJBKO TOrZA, KOLJA O 'y € H, 1o ectb KOTHA 01 U 09
OTIPEZIEIAIOT OUH U TOT YK€ NpaBblii cMexubI Kiaacc G o H. O6o3nauum uepes m ungekc (G : H) u paccMoTpum
mpaBoe pa3noxkenue Jlarpamxka

m
G= U O'iH,
i=1
cuurast 01 = €. VI3 HAmUX DPACCYKIEHWI JIETKO ciemyer, aTo MHOKecTBO M, = {o(a) | ¢ € G} cosmamaer c
muO)KecTtBoM {o1(), ... ,0m(®)}. OrMernm Takzke, 9T0

My ={oo1(),... ,00m(a)}

npu j1o6oMm o € G (00bsAcHUTE, TTOUeMy ).

Teneps Ham ToTpedyercst MEOTOWIEH f = (£—01()) ... (x—0opn(a)) n3 Kombua K[z]. Bee KopHE 5TOro MHOTOUJIEHA
PA3JIMYHEI, 8 OJMH M3 TAKUX KOPHEH coBmagaeT ¢ o. Ecm f = 2™ 4+ viz™ ' + ... + Yy, TO Kaxk bl K03 UImenT
i C TOYHOCTBHIO [I0 3HAKA PABEH 3HAYEHUIO OCHOBHOI'O CUMMETPUYECKOro MHOrowieHa S;(ti,...,t,) Ha KOpHIX f
(BcnomuuTe dopmysbl Buera). Herpyauo nousts (pasbepurech B gerassx!), 4ro modromy o(7y;) = ; UPU KaxkKIOM
1. CiemoBarenbHO, Bce KO3 UIMeHTs MHOTOUYIeH f npuHagiexar noiwo k. Takum obpa3oMm, o — ajaredpandeckuii
Han k smemenT, a f — ero amHyasaTOp. HeTpyaHO MOHATH TakKKe, 9TO OH — MUHWMAJIbHBIA aHHYJIATOP JAHHOTO
sjeMeHTa: [ IEJUTCS HA MUHUMAJBHBIA aHHYJIATOD ¢ HAIIEro «, a Bce 01(a),... ,0m(Q) ABAAIOTCI KOPHAMH ¢ B
CHJTy OJHOTO M3 paHee JOKA3aHHBIX NMPEIIOXKEHHWH 3Toro maparpada. Tem caMbIM MBI JIOKa3aIu COPAaBEIIUBOCTD
PABEHCTBA

(G : H) = (k() : k).

Jamee ns pacmmpenns K /k Mbr pacemorpuM mpomeskyTouaroe mote K. Jlerko mposeputs (mposepbre!), aTo
KH conepwxur k(o) B kawecTBe moamons. ITokaskem, aro ua camom aeme K u k(a) cosmamaior.

[ycts 3 — mpoussombHbLl snement mong K| o ects 7(8) = B mpu Beex 7 € H. Wcnonb3ys panee BBeICHHBIE
0obo3HaYeHUsT [Tl 0;, PACCMOTPUM HaJT TojaeM K WHTEePHOSIUOHHY0 TabIuIly ¢ m y3/1aMu

o) =a | oya) | ... | om(®)

=B8] 02B) | ... | om(B)

ITo dbopmyme Jlarpamka HHTEPIOIAIMOHHBIA MHOTOYIEH HANMEHBIIEH CTeNeHn JJisd ITONH TabJIUIBI PABEH

Q

=

=

S|
|

R oi(B)- f
"= PN o@)

Herpyamo mousaTs, uTo 110060 aBTOMOpPdU3M 13 rpymmbl G He MeHseT KO3(DMUIMEHTOB MHOTOUIeH] A : O AeficTBreM
o caaraembie B dbopmyse JlarpaHKa MPOCTO MEHSIOTCS MeCTaMH. DTO 3HAYWT, 4TO0 h — MHOrowieH u3 klz] u,
crenoBarenbHo, snement 3 = h(a) npunragmesxut nomo k(a), uTo mokaseiBaer pasenctso K7 = k(a).
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B sakusouenue 3amerum, yro K mnape (K, H) npumMeHMMO MHIYKUMOHHOE MPEIOJoXKeHue, no Koropomy (K
k(a)) = |H|. Takum obpaszom, pacmupenue K /k Konedno u

(K : k) = (K : k(a)) - (k(a) : k) = |H|(G : H) = |G-
O

anee 6 amom napazpagde mor 6ydem paccmampueams MoAbKEO KOHewHbe cenepabesbhvie pacuuperus. Bee oHm
SIBJISFOTCS], KAK MBI 3HAEM, TIPOCTHIMH, & TIOTOMY TPYMITBI ABTOMOP()U3MOB TaKuX pacmmpenuii konednsr. Ocobo Hac
Oy/JlyT MHTEPECOBATH PACHIMPEHUS, JJIsI KOTOPBIX CTENEHb COBMAJAET ¢ MOPSIKOM TPYHIbI aBTOMOPGU3MOB. Ecim
st paciimpennst Kk cnpapemyieo pasenctBo (K : k) = | Aut(K/k)|, To Takoe pacimmpeHne MPUHSATO HA3BIBATH
pacwupenuem aaya (Bmecto obosHauenusi Aut(K/k) nnst pacumpenusi Tanya oObIYHO MPUMEHSIOT 0003HAYEHUE
Gal(K/k), nasbiBast o1y rpynny epynnot I'aaya yKa3aHHOTO PACITUPEHNUS).

Ipumepsnt. 1) Hz meopemv, 06 a6momopPusmar KOHEUHOZ0 NOASL CACOYETN, UINO KAHCOOE KOHEUHOE TLOAE ABAALTNCA
pacwupenuem Larya ceoezo npocmozo nodnoss (hanommum, wmo zpynna Larya 9mozo pacuwupenus, GUuKAUYHA,).

2) Iycmov p — npocmoe wucao. Jleeko nowams, wmo MHO2OUAEH

flxy=aP 2P 24 . +2+1

. _ zP-1
nenpusodum 6 woavue Qx] : docmamouno ucnoavsosamv pasencmso f(xr) = L= u nenpusodumocmo Had

noaem Q mmozounena f(x + 1), caedyrowyro us xpumepus dsenwmetina. ITyecmo K = Q(e) — womnaexcroe
nodnoae, noayuarweeca npucoedunenuem ¥ Q rarxozo-nubydv xopHa € mmuozousena f. Ilockoavky waxrcovil
omauunvil om 1 Kopens p-oti cmenenu u3 1 nepsoobpasen, nose K asasemes nosem pasroncerus muozouiena f
nad Q. Kaotcowii aemomopgdusm npocmozo pacwuperus K/ Q onpedeasemes, owesudno, conocmassenueme — "
nPu HeKOmMopom namypasvhom r < p— 1, noamomy epynna Aut(K/Q) codeporcum posno p—1 asmomopduszmos.
3navum, K/Q — pacwupenue Iaaya.

8) Bewecmsennoe nore K = Q(v/2) asasemcs pacwupenuem mpemvet cmenenu nots Q, Ho ne aeisemca e2o
pacwuperuem Ianrya: 410007 a6MOMOPHUIM 9M0O20 PACULUPEHUA ONPEIEAAEMCA EOUHCTNEEHHDLM BEULECTNEEHHBIM
KopHem Muozouaena T3 — 2 u, caedosamenavro, zpynna Aut(K/Q) cocmoum moavko uz mooicdecmeennozo
a8moMopPHu3Ma.

CJIe,IIyIOH_[ee yTBEPXKAEHNWE MO3BOJIACT MOHATUE PACITUPEHUA I‘anya onpeaedATh HECKOJIBKO nHave.

IIpenoxkenune. ITycmo K/k — xoneunoe cenapabeavnoe pacwupenue. Tozda pasencmso | Aut(K/k)| = (K : k)
CNPABEJAUBO 6 MOM U MOALKEO 8 MOM CAYUAe, k0200 MUHUMAALHOT GHHYAAMOP NPOUSEOALHOZO IAEMEHMA IMO20
pacwupenua packaadvsaemea 6 K[x] na aunetinoe mruoocumenu.

Proof. llycrs (K : k) =n un > 1 (unade Haie yTBePKAEHUE TPUBUAJIBHO).

HocrarogrocTh ¢HOPMYINPOBAHHOTO YCIOBHUS JIETKO CJIEIyeT W3 TpocToThl pactumpenus K/k : ecim K = k(6)
U MUHUMAJBHBIA aHHYJISTOP MPOM3BOJIBLHOTO 3JIEMEHTa DacKiajabiBaercss B K[z] Ha JuHEHHBIE MHOXKNTEIN, TO HA
JIMHEHHBIE MHOYKATEIN PACKIAILIBACTCA U HE MMEIOIINH KPATHBIX KOpHEH MUHUMAIBHBIN AHHYIATOP g 00Pa3yIONero
s7eMenTa ), IPUYeM B CHITY OJIHOTO U3 MPEIJIOKEH I 3TOro maparpada aBToMOPQGU3MbI HALIETO PACIIAPEHNAT HAXOIATCS
BO B3aMMHO OJIHO3HAYHOM COOTBETCTBHHU C KOpHaMHE ¢; nosromy | Aut(K/k)| = (K : k).

ITycrs Tenepw K /k — pacmmpenne Tanya u G = Gal(K/k) — ero rpynna Tanya. BosbMeM pOM3BOJIBHBIN @ M3
mosis K, obo3Haunm depe3 f ero MUHUMAJIBHBIN aHHYIITOP HAI k u Oyaem cumtarh, uto deg f = [ > 1. Ucnonws3ys
UJIEI0 JI0KA3aTesIbCcTBa eMMbl ApruHa, pacemorpum noarpynny H = {r € G | 7(«) = a} w npomekyTodHOe moJie

m
L=KH" Ecrm (G:H)=muG = |J 0;H — npasoe paznoxenne Jlarpamxa, TO U3 PACCYKICHHH B TOKA3ATETHCTBE
i=1

aeMmMmbl ApruHa ciexyer, 4to o1(q),... ,om (@) — pasiauunble Kopuu f, orkyna noaydaeMm mepapeHcrso m < [. C
ApYTOii CTOPOHLI, 0 emMMe Apruna mveem pasenctso (K : L) = |H| = I, n3 wero ciemyer
(K : k)
L:k)=-——*+<=m<Il=(kla):k).
(Lsh) = {rpp =m <1 = (k(a) : )

B cusy oueBunnoro skimovenus k(a) C L 510 Bo3MOKHO TOIBKO 1pu k() = L u m = [, 94r0 03HaUaeT pasJjioxKeHue

f=(x—-o01(a))...(x — om(@)) B xOMBUE K[Z]. O
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CuencrBue. Ecau K[k — pacwupenue Fanya u L — mpomescymounoe noae smoezo pacusupenus, mo K/L —
pacwupenue Iarya.

Proof. Koneunocrs u cenapabesbrocTh pacimpennst K /L ouepnaubl. Ecian o — smement K, MHOTOUWIEH g — €ro
MUHUMAJIBHBII aHHYJIATOD Haf k, & f — MUHUMANbHBIH aHHyIATOp Hag L, To g packiansiBaercst B K [x] Ha nvHeitHbIe
MHOXKUTENN 1 gesnnres Ha f. CaenoBarenbHo, v f pacKIaapIBaeTCs Ha THHeHHbe MHOXKUTeN B K [z]. TakuM o6pasom,
K/ L asasiercsa pacumpenuem [aya no 10ka3aHHOMY MPeJIOKEHUIO. O

Sameuanus. 1) Yeaosue na MUHUMAABHBIE GHHYAATODY, ONUCAHHOE 8 J0KAZAHHOM NPEONOACEHUL, MOHCHO CHOPMYAUPOGA
HECKOALEO unade: 110000 nenpusodumul 6 k[x] mrozousen, umerowut 6 K zoms 6v, 00un Kopens, packiaivueaemcs
6 K[z] na aunetinve mnoorcumenu. Aszebpauyveckoe pacwupenue (HeobazamenrvHo Koneunoe), ydosaemeopsarousee
IMOMY YCA08UN, NPUHAMO HA3BLEAMS HOPMATBHBIM paciupenueM. Ommemum 6e3 NoACHERUT, ¥MO Pacuuperue,
ABAANOULLECA NONEM PABAOHCEHUA NPOUSBOALHOZ0 MHOZOUNAEHA, BCE200 HOPMAALHO.

2) Bo emopoti wacmu doka3ameabCmea Mol He UCTIOAB306aAU cenapabeavhocms pacwupenus 'arya. Boaee moeo,
u3 npusedennuir paccysrcdenuti caedyem, wmo ecau | Aut(K/k)| = (K : k), mo nawe pacwupenue cenapabesvro.
Omo noseoaaem onpedessms pacwupenue I'arye wakx KoHewHoe PACULUPEHUE, CENEeHb KOMOopo2o cosnadaem ¢
nopAadkom 2pynnvl aemomopPuamos. B marom cayuae nawr xpumeputi mosicem 6uims cPHOPMYAUPOSAH CALOYIOULUM
06pasom: KoHeuroe pacuiuperue asasemes pacuuperuem Iarya mozda u moavko mozda, xo20a 0HO cenapabesbHo
U HOPMAABHO.

Tenepsb y HAC BCe TOTOBO JJIs1 TOKA3ATEIHCTBA, OCHOBHOIO PE3yJIbTaTa 3TOro maparpada.

Teopema (ocHoBHasi TeopeMma Teopum Iasnya). /Jas npoussosvrozo pacwupenua Iarya napa omobpascenut, cocmasaso
coomsemcmeue Larya, Asasemcs napoti 63auMHo 00PaAMHLLT OUEKUUT.

Proof. Mlycrs K /k — pacmupenue Tanya ¢ rpynnoit Tanya G. Ham cienyer nokasarb, uro Gge = H nns Beex
He®u K =L auascex L € A

Ecmu H — npou3sBosibHast MOATpyTa rpymnnbl (G, TO, KaK y»Ke OTMEYAJIOCh, BhITOTHsieTcst BRiouenne H C Ggw.
C mpyroit cropomst, moarpynma G gr, O9eBUIHO, aBsgercsa rpymmoit Lamya pacmmpenns K /KM wveromero & iy
nemmMbl AptuHa crenenb |H|. Takum obpasom, paBeHCTBO Grr = H sIBIsieTCsl CJIEICTBHEM COBMAAEHUS MOPSIIKOB
9TUX TPYIIIL.

Ecnu L — upowmexkyrounoe nose paciiupenus K/k, ro Gy, asisercsa rpynnoii Fanya paciimpenus K /L — B arom
ciyuae (K : L) = |Gr|. Y1o6wr nomyauts paserctso K92 = L, ocraercs manbine cocnarbes Ha modenune L C KT
u wa pasenctso (K : K1) = |G|, cnenyromee u3 memver ApTima. O

CaencrBue. Mnooicecmeo npomescymounnx noaet pacwuperus 'arya xonewro.

Sameuanne. Mo yoice 2060puau, wmo ecau K/k — pacwupenue Faaya u L — ezo npomesicymounoe nose, mo K/L
— makoice pacwupenue Laaya. Ecmecmeenno 3adams eonpoc: asasemcs au 6 smot cumyayuu L)k pacwupenuem
Tanya? Omsem maxos: L/k — pacwupenue Iaaya mozda u moavko mozda, xozda epynna Gal(K/L) asasemcs
Hopmaabrol nodzpynnot epynnu Gal(K/k); npu swnoanenuu yxazannozo ycaosus zpynna aaya pacwupenus L[k

uzomopdna daxmopepynne Gal(K/k)/Gal(K/L). Zoxasweams smu daxmo. mve ne 0ydem.

B 3akrodenne sToro maparpada BepHeMcst K YITIOMUHABIIEHCST B TPeTheil TyIaBe 3aatde O Pa3pennMOCTH aaredpanieckoro
yPaBHEHUS B paJuKajax. IJIs mpoCTOTHl OTPAHUIUMCS CIy9IaeM TOJIsT HYJIEBON XapaKTePUCTUKH.

Cuauasia yrouHuM nocTaHoBKy 3aiauu. Vmeercs anrebpamdeckoe ypasuenue f(z) = 0, rae B kadecrBe f B3dr
MHOIOYJIEH CTENEeHU 7. HaJ HEeKOTOPbIM mojeMm k (B 4MCIOBOM ciaydae B KadecTBe k OObIYHO Oepercs pacliupeHue
MOJIsT PAIMOHATBHBIX YUCEJT, MOy YeHHOE TPUCOeIuHeHreM KO(DQMUIUEHTOB JAHHONO MHOIOYIEHA, WUIH [IPOCTO MTOJIe
Q — ecm Bee ko3 dUIEEHTH! pAMOHAIBHBI). C TOUKHU 3peHUsT PACCMOTPEHHBIX B 9TOMH TJIaBe TOHATHI PA3PEIIUMOCTh
ypasuenus f(x) = 0 B paguKagax 03HAYAET, 9TO CYNIECTBYET TaKas KOHEUHAS IEMOYUKa, MOC/IEI0BATEIbHBIX PACIIAPEHIH

k=Ko G Ki G ... G Kn,

9TO KaXKIplii ee wieH K; 1 sIBIsIeTCS MOJIEM Pa3JIo¥KeHNst HeKOTOpOro MHorouseHa ™ — 3; w3 K;[x], a nociennee mose
K, comepxur mojie pasioxkenus MHorousena f (nojge K11 JOMKHO OBITH MMEHHO MOJIEM DA3JI0OKEHUs YKAZAHHOIO
MHOTOYJIEHA, 8 HE MPOCTO MOJIy49aThCs MPUCOEINHEHNEM OJIHOTO U3 €ro KOPHe, KaK MOYKHO ObLIO ObI MOLyMaTb, —
BCIIOMHUTE DEIlleHUe B PAAUKAIAX KyOUIECKOro ypaBHEHHUS ).
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Ob6o3naunM mose pasnoxkenus MuorowreHa f depe3 L. Ilpu Hymesoit xapakrepucruke mone L, pasymeercs,
SIBIISIETCS cenapabebHbIM PACIIMPEHHeM [oJisi k M, KaK BCIKOe MOJie PA3JIOXKEHHs, KOHEYHO U HOPMAJbHO HA/T
k; makum obpasom, L/k — pacmmpenne TFamya. T'pymnny Tamya G pacmmpennsi L/k HasbiBaoT Takke 2pynnot
Taaya dannozo ypaswenus. Teopusi [agya cBOOUT 337a49y O CYIIECTBOBAHWH OIMMCAHHOW MEMOYKN OECKOHEUTHBIX
moJieit K mpobJieMe CYIECTBOBAHUS B OMPEIEJIEHHOM CMBIC/IE AHAJOTUYHON MEMOYKHU MOArPYIIT KOHEYHO! rpymmbl (.
Cdopmynupyem (pamsymeercs, 6€3 JOKa3aTeJbCTBA) HA A3bIKE TEOPUU IPYIII KPUTEPUIl PA3PENIMMOCTY B PaJMKAIaX
HAIErO yPABHEHUsI: JIJIsi 9TOMO HEOOXOAMMO W JOCTATOYHO, YTOOBI jijisi Tpynnbl (G CyIIecTBOBAIA Takas MEMOYKa
MO PY I

{S}ZHO é H1 é é HT:G,

9T0 KaXKIplil ee wnen H; saBaserca wHopmasbHOil moarpynmoit H;ii, a dakroprpynna H;yq / H, — nuknudeckas

(koneunyto rpyniny G, yJIOBJIETBOPSIOULYIO IOCTABIEHHOMY YCJIOBHIO, [0 MOHATHBIM IIPUYUHAM IPUHITO HA3bIBATDH
paspewumots).

Msr e OymeM 371ech MOAPOOHO OCTAHABINBATHCS HA, BRIUMCIEHUU TPYMIOBI [ajiya pacCcMaTpUBaeMOrO ypaBHEHs
— 3TO JOCTATOYHO CAOKHASA 3a7a4a. HanomuuMm ToJbKO (06 9TOM MOBOPUJIOCH PAHEE), YTO aBTOMOP(MU3MBI MPYTIIbI
lamya mepeBoOAAT OMHN KOPHM HAINErO yPABHEHWS B IPYTHe, MOITOMY rpynny [ajya MOXKHO WHTEPIPETHPOBATH KaK
MOJICPYIITY CUMMETPUYIECKON MPYIIIBI S, — MOArPYIIILY, COXPAHSIONLYIO0 3aBUCAMOCTH MeXK 1y KopHsmu. Hekoropbie u3
9THUX 3aBHCHUMOCTEI OU9eBUIHBI — 3TO popMmyabl Buera, gpyrue MoryT ObITH O0/Iee XUTPBIMHU U JjIsd UX OOHAPYKEHUS
TpPeOYIOTCS BECbMa U3OMIPEHHBIE METOAbl. MbI mpuBeneM TOALKO oauH (Ha obmem (oHe — MPOCTeHbKUl) mpumep
WCIOIHL30BAHUST TAKOTO POJA CPEICTB [IJIsi YCTAHOBJIEHWS CBOMCTB rpynmbl [asya.

IMycts f — yHUTAIBHBIH NEJOYUCTICHHbIH MHOTOYJIEH U OH HENPUBOAUM HaJ, mojieM Q (u3 mecToil riaBbl H3BECTHO,

KakK 3TO y3HarTb). Bbiscuum, korma rpynna [amya ypasuenus f(z) = 0 comep:KUT TOJBKO YETHBIE MMOJCTAHOBKH.
SaHyMepyeM Kak-HUOY/b €ro KOPHHU (O, .. . ,(y, B TOJE PA3mokeHus L 1 paccCMOTPUM MPOU3BEICHIE
3(f) = [T(i — o)
i<j

— ono orauuao OoT 0 m3-3a cemapabenbroctr f. [1OCKOJBKY TPOW3BOJIBHBIN aBTOMOpdU3M ¢ W3 rpynnbl lanya
nepecrasiager kopau, o (6(f)) moxker ormuuarsesa ot d(f) Tonbko 3uakom. Tounee, eciu o) = ayy, - .-, o(ay) =
@, , TO

_ t
o (0(f)) = (=1)"(f),
rae t — 4ucsao uaBepcuii B mepectanoBke (lq, ... ,1,) . Iosromy Bce aBromopdusmbr rpynnsr G aeiictyor ua 0(f)
TOXKIECTBEHHO TOTJA U TOJBKO TOTJA, Koraa rpynmna [ajgya G HAIIErO ypaBHEHUS CONEPIKUTCS B 3HAKONEPEMEHHON
rpynme A,; B atom cayuae 0(f) npuragneskur nomo LY = Q. Camoro mpomssenenns 0(f) MbI, KOHEWHO, He 3HAEM,
3aTO HAM M3BECTEH €ro KBaJPAar
2 — )2 =
0*(f) = [1(ei = aj)* = A(f)
i<j

— OH, OYEBHUIHO, ABJIACTCA CHMMETPHYECKWM MHOTOYJIEHOM OT KOpHEi, ¢ momompio dhopMyn Bmera mMoxer GbITH
BBIYHCIEH TO KO3 MUIMEHTAM MHOTOUJIEHA [ W NMPUHAMJICKHAT KOJbILYy HEJbIX 9ucen 7. I3 Hammwx paccyskaeHuii
caenyer, 9yto A(f) aBasiercda MOJHBIM KBAJIPaTOM TOTJA W TOJBKO TOrAa, Korma rpynma Lamya G comepkurcs B
rpymme A,.

Ecnn xopum cBs3anbl TObKO hopmynamu Buera,ro rpymma [amgya coBmamaer co BCeit CHMMETPHUYIECKON TPyIIoit
— 3TO TaK, HATPUMED, €CJIU PACCMATPUBAETCS ~ 00Iee” ypaBHEHNE 11-0if CTENeHN

" +az" '+, +a,=0

(mosie k B 3TOM CJIy4ae MOYKHO CUATATD TIOJIEM PAIMOHAILHBIX (DYHKIUI OT MEPEMEHHBIX (1, - - . , Gy HAL Q). pun > 5
€IMHCTBEHHOM HETPUBUAILHOW HOPMAJIBHON HNOArPYHNON CHMMETPUYECKONR TPYHIBL S, SBISETCS 3HAKONEPEMEeHHAs
rpymna A,,, Koropas, B CBOIO O4€pellb, HE UMEET HeTPUBUAJILHBIX HOPMAJbHLIX HOArPYIN (B CEAbMOIl IJaBe Takue
IPYIIbI Mbl HA3BaJIU IPOCTHIMU) U HE sBJIAETCd UMKandeckoii. I[losromy mpu n > 5 rpynna S, nepaspemmuma. C
CUMMETPUYECKUMU TpynnaMu So, Sz u Sy curyanust uHas. [pymnma Se uMeer mopsigok 2 U, CAeI0BATEILHO, NIJIsT HEe
€CTh HyJKHas HaAM IEMOYKa, COCTOAIIAA BCETO U3 OJJHOTO 3BEHA

{e} 2 S
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[Mouru mo cToJb K€ MPOCTOl MpUYKHEe pa3pelrMa IPYIa [MEeCTOro Mopsaka S3 — 3HaKONepeMeHHas rpymma Ag
SIBJISIETCS TUKJIMYECKOHN MOArPYIIION TPETHEro MOPSIIKA, TOITOMY B S3 MOYKHO B3SITh HEMOYKY

{e} S A3 < Ss.

Ipynmna ke Sy, uMeroImasi MOPsIOK 24, OKa3bIBAETCS PA3PEIINMO M3-3a TOTO, YTO ee HOPMAJbHAs MOArpymma Ay,
UMeEOIasi TOpsIOK 12, He sIBIsSeTCs TMPOCTON: B Hell comep:KuTCs abeseBa HOPMAaJIbHAs MOArPYIIa YeTBEPTOTO
nopsinka Ky = {e, (12)(34), (13)(24), (14)(23)} (vemsepnas zpynna Kaetina); m0O3TOMY HAIINM YCIOBHAM YI0BIETBOPSET

MEemovYKa
{e} 2 {e(12)B34)} 5 Kui 5 A4 5 Su.

Takum 00pa3oM, rpyrna S, TOXKE pa3perrnMa.
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